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Synopsis

To study interactions between atoms, ions, molecules, and light at the quantum level, it is
required to cool them in a hybrid trap and detect them such that the interactions between these
are measured with precision. Atom cooling and trapping [1] has formed one pillar of modern
atomic physics with deep implications for condensed matter physics, precision measurements
and is now giving rise to technologies with unprecedented precision. Cold homo-nuclear
and hetero-nuclear molecules which are formed via photoassociation (PA) of atoms using
resonant light allow the formation of state selected molecules for experiments. Ion trapping has
been another pillar of atomic physics for precision measurements and more recently quantum
computation and many-body physics [2, 3]. However, very few experiments have combined
these individual components to study the interactions between atoms, ions, molecules, and
light, in the quantum regime. The objective of this thesis is to start a systematic investigation of
combinations of atoms, ions, molecules, and light with an emphasis on the development of new
detection techniques for studies of interactions.

For such an experiment to be viable, we need to both cool and trap the various species,
simultaneously and with overlap. Cooling eliminates the thermal effects and allows precise state
control. Trapping, on the other hand, ensures long study times, reduces observation time related
linewidths and provides the opportunity for interactions between few particles of different co-
trapped species to be observed over long times. Our experiment allows simultaneously trapping
and cooling of atoms, ions, molecules, and light [4]. In this thesis, we develop and explore
techniques which will enable the study of interactions between atoms, ions, and molecules.
For this, we explore techniques which exploit light coupled to a cavity mode for detection of
species and interaction.

To achieve these goals, we need to combine various species together. At the start of this
thesis work, the experiment had already incorporated a working magneto-optical trap (MOT)
of 85Rb atoms. I developed the techniques to cool and trap potassium atoms in order to add
another species to the experiment. Subsequent to this development, a potassium MOT was used
to make K+ ions, which were then used to demonstrate cooling of these ions by ultracold 85Rb
atoms. In this experiment, the ion detection technique also resulted in the destruction of the ions.
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An optical and non-destructive method to detect these ions and other particles is essential to
increase the efficiency and versatility of the experiments. With this possibility in mind, we also
explore various interactions between atoms and light trapped inside a Fabry-Pérot cavity. The
presence of a cavity greatly enhances the interaction strength of photons with the atoms giving
us the ability to detect small interactions between the particles. Hence, various atom-cavity
interactions will be studied in this thesis, with the aim of building a universal detection platform.
This has resulted in experimental and theoretical studies of switching of light using light, lasing
from driven atoms and the consequences of atomic motion on the atom-cavity coupling.

Cavity Mirrors

Wire Trap

MOT beams
Cavity lightVacuum chamber

Enclosing for CEM

Dispensers

Fig. 1 Experimental chamber. MOT - Magneto-optical trap, CEM - Channel electron multiplier
for ion detection. The wire trap is used to trap the ions. Only half vacuum chamber is shown
in order for the things inside the chamber to be visible. A pair of anti-Helmholtz coils which
produce magnetic field for MOT is not shown, one each is placed on top and bottom of the
chamber.

Laser cooling and trapping of potassium atoms

Among the three most abundant isotopes of potassium atoms two are bosonic atoms (39K and
41K) and one is a fermionic atom (40K). The diatomic molecules formed using the atoms 39K
and 40K have same electronic structure. However as the constituent atoms follow different
quantum statistics, it will be interesting to know how inter-molecule interactions will differ
in both the cases. Also, a useful question to ask will be, will the quantum statistics of the
molecules depend on the vibrational level in which they are? For this study, cooling and
trapping of the potassium atoms is essential as the molecules will be created by combining
the atoms. Hence a laser system to cool and trap potassium atoms using a magneto-optical
trap (MOT) was developed. The trap is such that we can trap both 39K and 40K with minimal



xi

changes in the optical setup. In the thesis, we present the details of such a trap. Another reason
of cooling and trapping potassium atoms is to make positive ions of potassium (K+) efficiently.
These ions are then used for studying cooling of ions using ultracold atoms (85Rb) which are
heavier than the ions as discussed below.

Ion cooling using ultracold atoms.

Fig. 2 The number of 39K+ ions (Ni) remaining in the ion trap for different values of the hold
time either in the presence (blue circles) or the absence (red squares) of the 85Rb MOT. The
dotted and the solid lines are single exponential fits for the respective cases. The increase in
the survival probability of trapped 39K+ ions in the presence of the 85Rb MOT indicates the
cooling of 39K+ ions. The error bars represent the width (1 s.d.) of the underlying ion number
distribution.

Dark ions trapped in an ion trap for which laser cooling is not practical are very hard to cool
down. The only feasible way to cool them down is through sympathetic cooling using cold
atoms or laser cooled ions of different species. In this thesis, we work towards advancing the
technique of cooling trapped ions using ultracold atoms. The technique of cooling a trapped
ion using buffer gas of atoms uniformly filled into the vacuum chamber is quite established
and was invented a few decades ago [5, 6]. The cooling of the trapped ion in such a technique
is only possible when the ion is lighter than the atoms. Precisely, how light the ion should
be, depends on ion trap parameters and there are several approaches with varying predictions
for it [7–9]. In a different approach, it has been predicted that if the gas of atoms is placed
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precisely only near the center of the ion trap, such a restriction on mass does not exist [10, 8].
An experiment to validate this claim was performed. Cooling of 39K+ ions by a localized
ensemble of ultracold 85Rb atoms was demonstrated, and the results are shown in figure 2. The
mass of 39K+ ions is 2.179 times the mass of 85Rb atoms, 2.179 is greater than all the above
mentioned predictions for uniform buffer gas cooling and hence is a perfect experiment to
validate the above mentioned claim. In the thesis, we present the results of this experiment and
the Monte-Carlo simulations performed to explain the experimental results. These simulations
are extended, and ways to improve the cooling process are discussed in light of the simulations.
In addition, the steady state kinetic energy distributions in the simulations are also discussed.
This work is reported in Dutta et.al. [11].

Switching of light using light via the atoms.

Various linear and nonlinear processes can arise due to the collective strong coupling of atoms to
the cavity. In the thesis, a theoretical framework for interactions of atoms with the cavity light is
provided. Using this framework, we explore the nonlinear phenomenon of optical bistability in
multi-level atoms. This is then used to explain experimental observations of Sharma et.al. [12]
which showed switching of cavity light using an external light, both interacting with the
same atoms. The flow of atoms in and out of the cavity mode is also taken into account
phenomenologically to explain long transient times in the switching experiment which are
dependent on the flow of atoms. This switching experiment was done using an atomic vapor
cell at room temperature. Hence, the theory of optical bistability in multi-level atoms was also
extended to a localized ensemble of ultracold atoms placed inside a Fabry-Pérot cavity [13]. It
is shown that experiments with such ultracold atoms will result in faster switching times and
was demonstrated in a recent experiment [14].

Lasing from driven atoms

Most lasers work on the principle of incoherent pumping and gain due to inversion of the
atomic population such that more atoms are in a excited state compared to the ground state [15].
There are few other kinds of lasing mechanisms where inversion of the atomic population is
not required. One such process is, lasing from atoms which are strongly driven by a coherent
light [16]. We investigate experimentally and theoretically such a lasing process when the
atoms from a fluorescing MOT strongly couple to a moderate finesse Fabry-Pérot cavity. The
coherent driving of the atoms takes place because of the presence of MOT cooling laser.
Lasing is observed in this atom cavity system. When the cavity is tuned to the red of the
atomic transition, emission of light from the cavity is observed. This light shows threshold
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behavior, polarization and spatial mode purity. This kind of lasing is possible because, a part of
spontaneously emitted light coupled to the cavity experiences gain. In addition, the atom-cavity
system exhibits collective strong coupling and hence greatly enhances the gain process. In an
experiment to compliment this observation, external probe light from a laser was coupled to the
cavity containing the driven atoms. This probe light showed gain and line narrowing. Using
semiclassical theory of atom-cavity interaction, an analysis is done to explain the origin of gain
in our system and qualitative agreement is obtained between the experiment and the analysis.
The advantage of the lasing studied here is that it is continuous and does not require seed light
and the coherent driving light also continuously cools and traps the atoms enabling operation
in a steady state.
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Fig. 3 The line narrowing and gain in a probe coupled to the cavity, when the cavity is tuned to
the red side of the atomic transition is shown. A Lorentzian fit to the blue trace gives FWHM
of 3.3 MHz and is the blue curve. FWHM of the empty cavity is 9.5 MHz. Line narrowing and
gain is signature of lasing. ∆ca is detuning of empty cavity resonance from atomic transition
and n̄ is average intracavity photon number.

Towards creating molecules inside a cavity

To study interactions between diatomic molecules, we need to have a ultracold ensemble of
such molecules. The most efficient way to have such molecules is to create them from the
ultracold atoms. A technique called photoassociation is used to create such molecules. In this
technique, a laser is used for molecule creation from the atoms. The frequency of photons
from this laser is such that it is resonant between the free states of the two atoms and one of
the bound vibrational state of the electronically excited molecule. For two atoms which are
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appropriately proximate, a photon from this laser creates molecules in an electronically excited
state, some of which decay to one of the vibrational levels of the electronic ground state of the
molecule. This resonant light for the PA process can be coupled into the cavity enclosing the
atoms. Using the cavity serves two purposes, (1) a cavity with very small loss will amplify
the intensity of light and (2) a cavity might enhance the strength of coupling of PA light to
the molecular excited state. Such an experiment with cavity requires locking the laser to the
cavity. The technique of such a lock and other experimental arrangements will be discussed
in the thesis. Our experimental signal for molecule formation is the loss of atoms from the
MOT, which is detected using the change in fluorescence from the atoms. This fluorescence
reduces when the number of atoms becomes less corresponding to molecule formation. In the
experiment, we successfully observed photoassociation of molecules via cavity photons. In
addition, several surprising observations were made, which indicated the presence of processes
other than the process of photoassociation. This has been thoroughly explored experimentally,
and preliminary calculations/simulations for understanding the phenomenon are presented in
the thesis. A Monte-Carlo simulation allows us to gain an insight into some of the observed
processes. The simulations track the motion of atoms inside the high intensity focused light of
cavity. We will discuss few plausible explanations for these interesting observations.

Towards studying interaction between molecules

Molecule-molecule interaction where quantum statistics of individual atoms forming the
molecules play a role will require major experimental advances. In the last part of the thesis,
we discuss briefly the ways to achieve the conditions required to study such an interaction. In
such an study, detection of molecules will become very important. Most of the current ways
to detect molecule also destroy the molecule. A high fidelity detection of molecules will be
necessary to do the above mentioned experiment. As discussed earlier, light inside a high Q
cavity can amplify weak signals. Hence we explore the technique of using cavity to detect
particles using resonant light. As the molecule does not have a closed optical transition, the
detection cannot be through absorption of light. For this reason, we turn to the phenomenon of
electromagnetically induced transparency (EIT) using cavity because, for detuning of the probe
laser in the cavity, near the EIT resonance, the dispersive effect is very large compared to the
absorption and will give a strong signal without bleaching the molecules. Hence, in the thesis,
we will discuss the theory for detecting molecules using the phenomenon of cavity EIT.
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Summary

Summarizing the work comprising the thesis, we explored interactions of ultracold dilute
gas of atoms with ions and with a cavity. The interaction of lighter ions with the localized
ensemble of ultracold atoms lead to the observation of cooling of the ions. The interactions
of the same atoms with the cavity was then explored. In particular, the use of tunable optical
bistability was explored for switching of light using light. Driven atoms placed inside the cavity
resulted in the emission of light from the cavity, this light showed features of lasing when the
cavity was tuned to the red of the optical transition. Preliminary experiments towards creating
molecules inside a cavity were performed and how to distinguish molecular signal from the
atomic signal is discussed. Use of a cavity to detect diatomic molecules was also explored.
Finally, we conclude the thesis with future directions, which involve observing interactions
between ultracold molecules.
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Chapter 1

Introduction

1.1 Overview

Advances in the precise manipulation of atoms/ions/molecules using lasers, electric and mag-
netic fields, have been instrumental in the realization of a large class of experiments. These
experiments have aided our understanding of interactions at atomic scale. This is particularly
true of two-body interactions, which are quantitatively simple but give a wealth of knowledge
regarding the physics of interacting complex systems. In recent times there is increasing
emphasis on precise determination of interactions between three and four bodies [17–20].

The precise control and understanding of two-body interactions have enabled access to
a variety of tailored many body experiments, which allow an investigation of long standing
many-body paradigms. The cooling and trapping of atoms using lasers [1] have resulted in
temperatures below mK (ultra-cold regime) and trapping times of more than few seconds in
most of the cases. This led to the study of many exotic states of matter where quantum nature
of interactions dominate [21]. In addition, a combination of electric fields and magnetic field
have enabled the trapping of charged particles [5]. Combining laser cooling with trapping
has resulted in unprecedented control of internal and external degrees of freedom for ions.
Isolating a single or few ions and studying its quantum properties has become technically
accessible [2]. This led to significant advances in fields of precision measurements [22],
quantum information [3], and quantum simulation [23]. In this thesis, we study interactions
between trapped atoms, ions, and light. To do this, several experiments have been performed
to understand specific science problems and the interpretation of the experiments has led to
detailed theoretical and numerical work.

A new area of study has emerged over the past decade where these two extensively studied
systems (cold atoms and cold ions) are combined to form ion-atom hybrid systems [4, 24].
The long range potential of an ion and ground or excited state atom is of the form 1/r4 (ion
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+ induced dipole) as opposed to 1/r6 in the atom-atom case. Here r is the distance between
the ion/atom and atom. In order to have a stable trapped ion-atom system [25], we need to
understand how the energy is exchanged between the trapped ions and the cooled and trapped
atoms. At the current limit of cooling of trapped ions, the ion temperatures are far greater than
the temperature of atoms at quantum degeneracy, or even in very cold magneto-optical traps
(MOT). The initial experiments for ion-atom hybrid systems resulted in observations of cooling
of trapped ions by ultracold atoms [10, 26–28, 18] and observations of reactive ion-atom
collisions [29]. In these experiments, a variety of observations regarding the heating/cooling
phenomenon resulted. Briefly, it was found that an ensemble of ultracold atoms localized at
the precise center of the ion trap will always cool the ion till the ion is fully immersed in the
atomic cloud [10] and atoms were seen to be heating due to collisions with the ions [27]. For a
viable hybrid ion-atom system for future experiments, it is imperative that a steady state if not
an equilibrium of trapped atoms and ions exist. These results are even more significant for dark
ions (ions which cannot be laser cooled) which only cool collisionally with the trapped atoms.
In addition to the quest for steady state hybrid systems, there are very interesting theoretical
proposals for observing macromolecules in Bose-Einstein condensates (BEC) [30] and hopping
conductivity of charge [31] in ultracold mixtures of ion and atoms. The long range nature of
ion-atom potential will also give us a chance to study physics beyond two-body interactions as
the ion can interact with multiple atoms even in a dilute gas of atoms [18]. These goals provide
the motivation for the current effort in experiments around the world including ours to reach
low temperatures for ion-atom mixture in order to observe new effects in these ultracold hybrid
systems.

Another very useful trap is formed by two highly reflecting mirrors. Two reflecting mirrors
form a cavity which is very high Q oscillator for the resonant photons occupying the cavity
mode, called Fabry-Pérot cavity which can trap the photons for a long duration of time. This
trapping results in the confinement of electric field due to a single photon to a very small
volume which enhances the interaction time of the photon with the resonant atoms placed
inside the cavity. Experiments involving a single photon and a single atom in a cavity has
shed light on many phenomena of quantum mechanics [32–34] like superposition principle and
quantum entanglement which defy classical physics intuitions. Cavity photons interacting with
many atoms can also lead to interesting linear [35, 36] and nonlinear [37] phenomena. The
atom-photon interactions in the cavity mode can be exploited to detect particles and measure
change in certain properties due to interactions. Recently, detection of a change in atom-cavity
collective strong coupling allowed measurement of the temperature of atomic cloud [38] placed
inside the cavity and detection of dark ions interacting with atoms placed inside the cavity in a
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demonstration of non-destructive measurement of ion number [39]. So, placing a cavity around
an interacting ensemble can be very useful in the development of a tool to detect interactions.

It is a well-known fact that two photons do not interact unless both of them are interacting
via a medium. This interaction can be enhanced if one of the two photons is confined to a
cavity. An arrangement involving atoms and photons in a cavity and another light beam which
is orthogonal to the cavity axis but interacts with the same atoms as the cavity mode can be used
to control the intensity of light transmitted by the cavity. These atoms can be either laser-cooled
atoms or atoms at room temperature. Such experiments with a system involving a cavity placed
around a spectroscopy cell containing thermal vapor of atoms have very modest requirements.
This setup was used to show switching of cavity light using the another beam of light in a
recent experiment [12, 14].

One level higher in complexity than atoms and ions are diatomic molecules [40]. Currently,
the most widely adopted technique to have diatomic molecules at ultracold temperatures is to
make them from ultracold atoms. Molecules can be created from atoms using magnetically
tunable Feshbach resonances [41] or by photoassociation [42] (PA) using a laser. In this
thesis, we study the creation of molecules using PA. One advantage of photoassociation is, the
frequency of most of the lasers is tunable continuously over wide range enabling us to create
molecules in various excited state vibrational levels. The disadvantage is that molecules are
created in the excited electronic state, so they decay either to ground molecular state or into
individual atoms reducing the efficiency of molecule creation. There are many motivations for
creating ultracold molecules, some of them are, quantum computation with polar molecules [43],
exotic phases of matter with long range interaction between particles [44], controlling chemical
reactions [45], the study of few body dynamics of identical particles [46], etc. In addition,
trapping of polar molecules will enable a study of potentials of the form 1/r6 (rotating dipoles),
1/r3 (static dipoles) and 1/r2 (ion + static dipole) if trapped along with ions. One problem with
ultracold molecules is the difficulty in detecting them non-destructively. Existing techniques
for detection involves ionizing the molecule and detecting it on an ion detector [47–49] or
reconverting the molecules to free atoms and then detecting the atoms [50–53]. By putting
a cavity around an ensemble of molecules mixed with resonant atoms we intend in future
experiments to enable the non-destructive detection of molecules. This will be possible due
to an enhancement of interaction of molecules/atoms with cavity photons in comparison to
free space photons. Therefore, creating molecules using light coupled to the cavity mode
is important to increase the creation efficiency of the molecules in the cavity mode volume,
ensuring its coupling to the cavity mode so that the methods mentioned above which have been
successful for atoms can be adapted to molecules.
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The experimental apparatus described in this thesis is built to study interactions between
all the entities mentioned above or combinations thereof. In this thesis, the emphasis is on
ion-atom interactions, atom-cavity interactions, and preparation and detection of molecules
using a cavity.

1.2 Motivation and objectives

The motivation for the problems addressed in this thesis is to develop various tools that are
necessary to study interactions between different ultracold, trapped, and dilute gases. These
gases can be mixtures of atoms, ions, and molecules. One such interaction is atom-ion
interaction where the atom is heavier than the ion. There are various theoretical analyses where
it is predicted that a uniform buffer gas of atoms cannot cool a trapped ion if the ion is lighter
than the atoms [7–9]. In order to see if this holds true when the trapped atoms are heavier than
the trapped ions and the atoms are localized at the center of the ion trap, we study trapped
potassium ions in the presence of a MOT of rubidium atoms. This allows us to explicitly test
our hypothesis that the trapped ion will cool in collisions with a spatially localized reservoir of
trapped atoms irrespective of the ion/atom mass ratio.

One major objective of the present thesis is to use the cavity as a detection tool. We
explore various phenomena involving the interaction of cavity photons with atoms in order to
understand which of these phenomena can be used to study interactions between dilute gases
and to detect some of these ultracold dilute gases. We also explore phenomena which might
not be useful in studying interactions but offer a glimpse of new physics.

To summarize, the objectives of the thesis are,

• To add evidence to the claim that ions can be cooled by atoms localized at the precise
center of the ion trap irrespective of the atom-ion mass ratio. This requires combining
atoms and ions of different mass ratio. This is done by combining potassium (K) ions with
rubidium (Rb) atoms. This requires building up the laser system for cooling potassium
atoms. Dual MOTs of 85Rb and 39K or 85Rb and 40K have to be operated simultaneously
to perform the cooling experiment of K+ ions.

• Perform an experiment to investigate a possibility of cooling potassium ions using
localized ultracold rubidium atoms. Perform Monte Carlo simulations to study the role
of ion-atom mass ratio and size of atomic cloud in cooling of ions.

• Develop a theoretical model to study various interactions between cavity photons and
atoms. Explain an experiment for switching of light using the physics discussed in this
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model. Understand the physics and extend the model to the experiments with laser-cooled
atoms.

• Perform an experiment to investigate lasing from driven atoms inside the cavity and
explain the origin of lasing using a theoretical model.

• Make molecules from ultracold atoms inside cavity using the technique of photoassocia-
tion.

• Develop methods to detect molecules using cavity.

• Explore the possibility of studying molecule-molecule collisions at ultracold tempera-
tures.

1.3 Organization of the thesis

In chapter 2 we describe the apparatus which is used to perform the experiments described in
this thesis. It starts with a discussion about magneto-optical trap (MOT) and the laser system
required for its operation. The MOT is used for cooling and trapping atoms. We will discuss
the laser system of 40K, 39K, and 85Rb MOT. Next, we describe the Fabry-Pérot cavity. Later a
3D Paul trap is described. Lastly, the geometry for the combination of all the parts mentioned
above and their arrangement in a single vacuum chamber is explained.

Chapter 3 is devoted to the ion-atom interaction where the atom is heavier than the ion.
Here we provide experimental evidence for cooling of potassium ions by ultracold atoms. To
explain this cooling, Monte Carlo simulations are done which provide intuition for the process.
The logic of this simulation will be explained in this chapter. The simulation is further extended
to see how the cooling rate varies with atomic size and the ion-atom mass ratio.

A theoretical model for cavity-atom coupling is developed in the fourth chapter. This
model is then applied to study switching of cavity light using another light beam. This requires
understanding the phenomenon of optical bistability for multi-level atoms. The theory of
optical bistability for a 4-level atom is derived and presented. Phenomenologically the flow
of atoms in and out of the cavity is incorporated in rate equations to explain long rise times
observed in the switching experiment which relates closely to the modeled system.

When a laser driven ensemble of atoms is placed inside a cavity, we observe lasing. In this
chapter, we provide multiple evidence through experimental observations for lasing action. We
also present theoretical analysis which explains why gain occurs in this case.

In the sixth chapter, the techniques required for the creation of molecules inside a cavity
are described. The results of some preliminary experiments are shown. We will also provide an
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analysis which helps in separating molecular signal from the atomic signal. This is essential as
the presence of photoassociation light will effect the operation of MOT for atoms and change
various collective properties of the atomic ensemble.

In the last chapter, we conclude the thesis by giving a summary. Also, a brief overview
of future directions in given. We will talk about how molecule-molecule interactions can be
studied. In particular, we will talk about changes that will be required to current apparatus if
such a study is to take place and the theoretical analysis which will be needed to get an idea of
energies involved.



Chapter 2

Overview of experimental concepts,
techniques, and apparatus

To perform the experiments enumerated in the introduction, we will be studying systems
involving combinations of atoms, ions, cavity photons, and molecules. The experimental
study of these systems requires building a complicated apparatus. The requirements on the
apparatus are that it should allow laser cooling and trapping of atoms, trapping of atomic
ions, the formation of a cavity for light around the laser-cooled atoms, the possibility of
creating molecules, and detection of all the entities involved in the studies. For performing
the experiments, all the components should be controllable. The simultaneous realization of
all these requirements implies a degree of experimental complexity both in the design of the
experiment and the implementation of experimental protocols and measurements. It should
be emphasized that the present apparatus is unique in its abilities to work with all the key
ingredients of atomic, molecular, and optical physics.

In this chapter, we give an overview of all the elements which have gone into the experi-
mental apparatus and which satisfy the requirements stated above. Section 2.1 provides details
about MOT concepts and the implementation of these concepts in the laboratory using lasers.
Section 2.2 talks about the trapping of ions using oscillating electric fields and the optimal
parameters for efficient trapping. In section 2.3, we discuss various properties of light inside an
optical cavity. We end this chapter by section 2.4 where we discuss the schematic of the entire
apparatus.
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2.1 Magneto-optical trap (MOT)

2.1.1 Concepts and theory

Laser cooling

When an atom interacts with light which is resonant with its electronic transition, it absorbs
photons from the light and scatters it in random directions. This process can be used to decrease
the energy stored in the atom’s external motion. Consider a case where a two-level atom
moving in the x-direction is illuminated by two beams of laser light, one traveling parallel to
+x and another parallel to the −x axis. The momentum kick the atom gets when a photon is
absorbed is given by h̄⃗k, where k = |⃗k|= 2π/λ is wavenumber and λ the wavelength of light.
The absorbed photon is re-emitted in a random direction, hence the momentum kick over large
number of re-emissions averages to zero, and so the net transfer of momentum is predominantly
in the direction of propagation of the resonant laser beam. The force on the atom from the two
beams, F = F++F− is given by rate of change of momentum due to such scattering events and
can be obtained by multiplying total scattering rate by photon momentum. Here,

F± = h̄k
Γ

2

[
Ir

1+2Ir +4(∆∓ kvx)2/Γ2

]
(2.1)

is a force due to +x and −x beam respectively [54]. Γ is excited state decay rate for the atoms,
Ir = I/Isat is the ratio of intensity per beam to saturation intensity [55], ∆ is detuning of light
from resonance, kvx is detuning due to Doppler shift and vx is velocity in the x-direction. For
very low velocities such that kvx ≪ Γ and kvx ≪ ∆, the total force can be expanded in series of
kvx. Keeping only the linear term gives,

F =
8∆h̄k2Irvx

Γ(1+2Ir +4∆2/Γ2)2 (2.2)

For negative ∆ this force takes the form of frictional force F =−βvx, where β = 8|∆|h̄k2Ir
Γ(1+2Ir+4∆2/Γ2)2 .

This damping force is responsible for the cooling of atoms.

Trapping

The arrangement mentioned above will only damp the velocity. A restoring force is essential to
trap the atoms. For atoms having magnetic sublevels, such a force is provided by a magnetic
field gradient. Here we consider a simple case where the total angular momentum of electronic
ground state and excited state is zero and one respectively. The degeneracy of magnetic
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sublevels will be lifted in the presence of magnetic field. This results in position dependent
detuning of the magnetic sublevels with respect to the cooling laser light. The schematic
is shown in figure 2.1. This results in an imbalance of force due to light scattering. This
imbalance can be manipulated to provide the restoring force. The forces due to the two
counter-propagating beams now become,

F± = h̄k
Γ

2

[
Ir

1+2Ir +4(∆∓ kvx ∓µB(x)/h̄)2/Γ2

]
. (2.3)

Here B(z) is the position dependent magnetic field, µ = (geme − ggmg)µB is the effective
magnetic moment, ge (gg) is Lande factor of the excited (ground) state, me (mg) is the magnetic
number of the excited (ground) state, µB(x)/h̄ is the Zeeman shift. For small x and kvx, a series
expansion reduces the total force to, F =−βvx −ζ x by keeping only linear terms. ζ depends
on magnetic gradient and is given by ζ = ∂B(x)

∂x
µβ

h̄k . This gives a harmonic trap for a constant
magnetic gradient, ∂B(x)

∂x = B0. The argument mentioned above can be expanded to 3-D giving

Fig. 2.1 Variation of the magnetic field for MOT and its effect on atomic levels due to Zeeman
effect. Towards left (right) the level resonant with σ+ (σ−) light comes closer to the laser
frequency increasing its push on the atoms. This results in a position-dependent force towards
the center of the trap.
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the total force as,
F⃗ =−β⃗3D ◦ v⃗− ζ⃗3D ◦ r⃗. (2.4)

Here, ◦ denotes a Hadamard (element wise) product of the vectors. The only difference between
the elements β i

3D for i ∈ (x,y,z) and β is that the term 6Ir in place of 2Ir. This accounts for
saturation effect due to beams in other directions [54]. For MOT assuming equal intensity in all
the MOT beams, β x

3D = β
y
3D = β

z
3D = β3D. Same holds for the elements ζ i

3D. For more detailed
analysis of MOT involving multilevel atoms see [56].

2.1.2 MOT laser system

Here we will discuss the experimental arrangement for magneto-optical cooling and trapping
of potassium atoms (39K and 40K) and rubidium atoms (85Rb). We want to cool and trap
both the potassium isotopes because 39K is bosonic and 40K is fermionic. Hence preparing a
laser system for both of them is a step towards studying the effects of quantum statistics on
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Fig. 2.2 Energy level diagram for the D2 line of 39K and 40K relevant for laser cooling. The
numbers to the right of hyperfine (F) levels denote its frequency distance from the fine structure
energy level.
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interactions. The energy diagram for the potassium atoms is given in figure 2.2. For the present
experiment, the laser systems are prepared so that either 39K or 40K can be laser cooled in the
experiment at any point in time with minor changes required to switch between isotopes.

For 40K the cooling and trapping light is red detuned from F = 9/2 to F ′ = 11/2 transition
by 12 MHz. This transition is used because the excited hyperfine level F ′ = 11/2 does not
decay back to F = 7/2 ground level as it is dipole forbidden. It decays back to F = 9/2 with
very high probability forming a closed loop essential for continuous cooling of atoms. However,
there is a small but finite probability of excitation to F ′ = 9/2 hyperfine level which can decay
back to F = 7/2 by dipole allowed transition, and therefore the atoms exit the closed cycle
where laser cooling is efficient. Hence a small intensity of light is required to pump back the
atoms to F = 9/2 from F = 7/2 which brings the atoms back into the laser cooling cycle. This

PBS Laser

AOM2

AOM1

Flip Mirror

Pottasium

Spectroscopy cell

PD

EOM

SMPMF
to experiment

TA

APPISO

LA

LC

SMPMF

FC

PBS

PBS

LA

LA

LA

LA

Fig. 2.3 The optical setup for laser cooling and trapping of potassium atoms. PBS - polarizing
beam splitter, AOM - acousto-optical modulator, EOM - electro-optical modulator, PD - photo
diode, LA - plano convex lens, LC - plano concave lens, APP - anamorphic prism pair, ISO -
optical isolator, TA - tapered amplifier, to amplify the power, SMPMF - single mode polarization
maintaining fiber, FC- fiber coupling setup, λ/2 - half wave plate, λ/4 - quarter wave plate.
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is the role of repumping light. The repump light is red detuned from F = 7/2 to F ′ = 9/2
transition.

For 39K the excited state hyperfine levels are very closely spaced, hence it is very difficult
to form a closed system as neighboring levels also get pumped. The most efficient way is
to have both cooling and repump lasers red detuned with respect to the whole excited state
manifold [57]. Hence the cooling light is 35 MHz detuned from F = 2 to F ′ = 3 transition and
the repump light is 18 MHz detuned from F = 1 to F ′ = 2 transition.

The cooling and repumping beams mentioned above for magneto-optical trapping of both
39K and 40K are created from a single ECDL laser (Toptica DL100 @ 766.7 nm). The optical
setup is such that we can create MOT of both 39K and 40K with only a few minor changes in
the setup. The laser is frequency stabilized by locking to the crossover of F = 2 to F ′ = 3 and
F = 1 to F ′ = 2 transitions of 39K. The signal for the cross-over is obtained using saturation
absorption spectroscopy (SAS) of 39K contained in a glass cell. The spectroscopy signal is
shown in figure 2.4(a). The optical setup is shown in figure 2.3. Two acousto-optical modulators
(AOM) are used to shift the frequency. For 39K AOM1 is skipped and the laser is directly
locked to the crossover frequency, and AOM2 shifts the frequency by -241.5 MHz. This
frequency is used as the cooling frequency. The repump frequency is generated by Electro
Optical Modulator (Qubig EO-K39M3) operating at 464 MHz. The EOM creates two sideband
frequencies as shown in figure 2.4(b). The higher frequency sideband generated by EOM has
frequency required for repumping the atoms. The Radio frequency (RF) power (27 dBm) to

(a) (b)

crossover

sidebands

Fig. 2.4 (a) Saturation absorption spectroscopy of potassium atoms. The x-axis shows frequency
from F = 2 to F ′ = 3 transition of D2 line of 39K atoms (see figure 2.2). (b) This figure shows
spectrum of potassium MOT laser when passed through a Fabry-Pérot cavity. The red trace
shows spectrum when the light is passed through an EOM and blue trace is spectrum without
the EOM.
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EOM is such that the optical power at repump frequency is 2/3 of the optical power at cooling
frequency.

For 40K MOT AOM1 shifts the frequency by -416 MHz and AOM2 by +176MHz. An
EOM (Qubig EO-K40M3) operating at 1230 MHz generates the repump frequency. The ratio
of repumping power to cooling power is 1/6 ( 20 dBm RF power to EOM). The changes which
are required to go from 39K MOT to 40K MOT are, change the λ/2 before AOM1 such that
full power is reflected by PBS to AOM1, flip the mirror to send the AOM1 shifted beam to
SAS setup, and reverse AOM2 such that the frequency of deflected beam increases and change
the EOM. This process ensures minimal change in alignment and gives us the flexibility to
work with both the species. Post creation of cooling and repump beams in both the cases, the
combined beam is injected into a fiber which takes the beams to the experiment. Figure 2.5
shows a photo of the optical setup of potassium MOT lasers.

Fig. 2.5 Photo of the optical setup of potassium MOT lasers in our lab.

The experiments described in this thesis also involve 85Rb as one of the cold atom species.
The MOT of 85Rb atoms was operational before the start of this thesis. Below we will give an
overview of the laser systems involved. The energy level diagram for the 85Rb atom is given
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Fig. 2.6 Energy level diagram for the D2 line of 85Rb relevant for laser cooling.

in figure 2.6. Two separate lasers are used for cooling and repumping. The cooling laser is
locked ∼ 13 MHz red detuned from the F = 3 to F ′ = 4 transition. This is a closed transition.
The -13 MHz frequency shift is obtained by using two AOMs and locking to the crossover of
F = 3 to F ′ = 4 and F = 2 to F ′ = 3 transitions of 85Rb which is -60 MHz away from F = 3
to F ′ = 4 transition. AOM3 shifts the frequency by +227 MHz and AOM4 shifts the frequency
by -180MHz making a total shift a +47 MHz (see figure 2.7 for the optical setup). AOM5 is
used to switch on and off the cooling laser. The repumping laser is locked to the repumping
transition F = 2 to F ′ = 3. The setup for this laser is shown in figure 2.8. AOM7 is used for
switching on and off the repumping laser and AOM6 is used to cancel the shift due to AOM7
so that the locking point does not change. More details about the laser system for 85Rb MOT
can be found in the thesis of Tridib Ray [58] and Jyothi S. [59].
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Fig. 2.7 The optical setup for the cooling laser of 85Rb MOT. PBS - polarizing beam splitter,
AOM - acousto-optical modulator, PD - photo diode, LA - plano convex lens, LC - plano
concave lens, APP - anamorphic prism pair, ISO - optical isolator, TA - tapered amplifier, to
amplify the power, SMPMF - single mode polarization maintaining fiber, FC- fiber coupling
setup, λ/2 - half wave plate, λ/4 - quarter wave plate.
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Fig. 2.8 The optical setup for the repumping laser of 85Rb MOT. PBS - polarizing beam splitter,
AOM - acousto-optical modulator, PD - photo diode, LA - plano convex lens, LC - plano
concave lens, APP - anamorphic prism pair, ISO - optical isolator, TA - tapered amplifier, to
amplify the power, SMPMF - single mode polarization maintaining fiber, FC- fiber coupling
setup, λ/2 - half wave plate, λ/4 - quarter wave plate.

2.1.3 Detection of MOT atoms

The atoms will be continuously scattering light from the MOT lasers. This scattered light
(fluorescence) can be detected, and hence the presence of atoms can be inferred from this
detected light. The scheme for detection is a spatial filtering arrangement shown in figure 2.9.
A combination of 2 lenses is used for imaging. The first lens is at a distance of twice its focal
length (f) from the atoms making an image of atoms at a 2f distance on the opposite side of
the lens. An aperture is placed at this image plane to filter spatially the light coming from the
experimental chamber. Another lens at a 2f distance makes another image of the MOT which
is then detected. A 50:50 beam splitter after the second lens splits the power into two parts,
one falls on CCD camera forming an image of MOT, and the other part falls on a PMT which
detects the total intensity of scattered light. The total number of atoms can be determined using
the value of intensity measured. Twice this intensity will be equal to the product of the number
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Fig. 2.9 Scheme for detecting atoms. CBS - common (50:50) beam splitter, CCD - charge
coupled device camera (Thorlabs DCU224M), PMT - photomultiplier tube (Hamamatsu R636-
10). f is the focal length of the two lenses. The 750 nm high pass filter allows light from both
Potassium and Rubidium MOTs.

of atoms, the fractional solid angle subtended by most constrained area of the imaging system
path, and scattering rate of atoms. The average scattering rate of atoms is given by1,

R =
Γ

2

[
Itot/Isat

1+ Itot/Isat +4∆2/Γ2

]
(2.5)

where, Itot is the total intensity of MOT cooling light.
We were able to trap 1.4×106 39K atoms, with 18 mW/cm2 intensity of cooling light and

12 mW/cm2 of repumping light. Similarly, for 40K we were able to trap 5×105 atoms, with 12
mW/cm2 intensity of cooling light and 2.4 mW/cm2 of repumping light. The density profile
of both the MOT’s is shown in figure 2.10. The 39K MOT is big because the atoms are very
hot as a result of inefficient cooling due to a closely spaced hyperfine structure of the excited
state manifold. Comparatively the MOT of 40K is smaller in size and also cooler. However, as
39K atoms are the more abundant species (∼ 90%) than 40K (8.4%) the total number of atoms
loaded is more for 39K species. The atoms are loaded from background vapor produced by
dispenser enriched with 40K atoms (Alvasource AS-3-K40 (8.4%)-5-S).

1For 39K, a 2-level model is not valid because of close spaced hyperfine structure. A multilevel model has to
be used, details of it can be found in the thesis of Robert Sylvester Williamson III [60].
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(a) (b)

Fig. 2.10 Density profile of (a) 39K MOT and (b) 40K MOT as seen on the CCD camera. The
orange curves show 1D density profiles along x and y axes obtained by taking mean along y
and x axis respectively. The standard deviations of Gaussian fits to above density profiles are,
σx = 430µm & σy = 385µm for 39K and σx = 145µm & σy = 225µm for 40K.

2.2 Ion trap

2.2.1 Concepts of an ideal trap

It is impossible to trap a charged particle with just static electric fields as the electric potential
(V ) needed to trap the ion would violate Laplace’s equation (∇2V = 0) in free space. There are
two approaches to circumvent this problem; one uses a static magnetic field in addition to static
electric fields and other using oscillating electric fields. The trap which uses the first approach
is called Penning trap and ones using the second approach are called Paul traps. In this thesis,
we will use 3D Paul trap to confine atomic ions as it is compatible with atom traps.

The potential for an ideal 3D Paul trap [5] is given by,

V (x,y,z, t) =
(

U0 +Vrf cos(2π f t)
2d2

)
(2z2 − x2 − y2). (2.6)

Here U0 is the dc potential, Vrf is potential oscillating at radio frequency (RF) f and, d is a
constant signifying the extent of the trap. Using this potential the equations of motion for the
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ions are,

d2x
dt2 +[ax −2qx cos(2π f t)]x = 0 (2.7a)

d2y
dt2 +[ay −2qy cos(2π f t)]y = 0 (2.7b)

d2z
dt2 +[az −2qz cos(2π f t)]z = 0 (2.7c)

where ax = ay = −az/2 = −4QU0
mid2(2π f )2 and qx = qy = −qz/2 = 2QVrf

mid2(2π f )2 are dimensionless
parameters, mi is the mass of the ion and Q is the charge of the ion. Parameters ai and qi for
i ∈ (x,y,z) are usually used to define the stability region of the trap and only a small range
of the combination of ai and qi is stable [5]. Figure 2.11 shows the typical motion of an ion
trapped in an ion trap, along one of the axis. As can be seen from the figure there are two
types of motion in the ion trap, one is the usual harmonic motion, and other motion is the
fast wiggle on top of this harmonic motion. The harmonic part is called the secular motion
or macromotion, and the high frequency wiggly part is called micromotion. The frequency of
oscillation for micromotion is same as the RF frequency as this is the response of the ion to the
ac electric field applied to the trap electrodes. In the limit a,q ≪ 1, the motion of ion simplifies
to x(t) = G(1−0.5qx cos [2π f t])cos [ωxt], where G is a constant and ωx/2π = 0.5ζx f is the
secular frequency. ζx =

√
a2

x +0.5q2
x is called the stability parameter. Same holds for y and z

directions.
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Fig. 2.11 The motion of an ion trapped in an ion trap with time in one dimension.

2.2.2 Wire trap

For our experiments, we use an ion trap made by winding tungsten wires around grooved
and cylindrical ceramic sleeves which enclose four metal rods as shown in figure 2.12. There
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Fig. 2.12 Ion trap made using tungsten wires. (a) x-y cross section and (b) x-z cross-section.
Red lines show electrical connections.
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Fig. 2.13 Potential produced by the wires. (a), (b) and (c) are potential curves along x, y, and
z axis respectively if 1 volt is applied to the inner pair of wires. (d), (e) and (f) are potential
curves along x, y, and z axis respectively if 1 volt is applied to the outer pair of wires.

are four such wires, the inner two form an inner pair of wires to which an oscillating voltage
(Vinner cos [2π f t]) is applied and an outer two form a outer pair of wires to which a dc voltage
(Vouter) is applied.

The wires produce confining potentials shown in figure 2.13. These potentials were obtained
by numerically solving the Laplace’s equation given the geometry and voltage on wires. A
software package called SIMION 8.0 was used for such a simulation [59]. For x < 2 mm, the
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potential can be fitted to a quadratic polynomial giving,

V (x,y,z, t)≃
(

VouterC2 −Vinner cos [2π f t]
2d2

)(
2z2 − x2 − y2)+(C1Vinner cos [2π f t]+VouterC2C3) .

(2.8)
Where, C1 = 0.41, C2 = 0.21, C3 = 1.7 and d = 10 mm. This is similar to the ideal 3D Paul
trap which we discussed in earlier section. In order to estimate various trap parameters like
secular frequency, trap depth, trap extent, etc., we perform a numerical integration of equations
of motion of the ion in the ion trap (figure 2.11 shows an example of a trajectory obtained from
such a simulation). The potential used for this numerical integration is exact (same as shown
in figure 2.13) and we make no approximations. The procedure to calculate trap extent in x
direction is as follows: we start the ion simulation from some finite distance x0 and continue
for 1000 RF cycles, the minimum distance above which the ion diverges quickly and goes to
distance higher than 10 mm from trap center is the trap depth [59]. The same thing can be
done with y and z direction. A simulation with 39K+ ions performed with parameters f = 700
kHz, Vouter =−5 V and Vinner = 85.4 V gives trap extent of 4.2 mm in x/y direction and 2.8
mm in the z direction. Similarly, trap depth can be found by having a finite initial velocity
in one direction keeping all other parameters zero. Such a procedure gives, 0.49 eV in x/y
direction and 0.59 eV in the z direction. The secular frequencies can be obtained by Fourier
transforming the trajectories of the ion. This gives ωx/2π = ωy/2π = 56 kHz for x/y and
ωz/2π = 98 kHz for z direction as secular/macromotion frequencies. For the potential of the
form in the equation 2.8 the secular frequencies can be calculated exactly [5] and are given by
ωx/2π = ωy/2π = 0.5ζx f = 53.7 kHz in x/y direction and ωz/2π = 0.5ζz f = 107.5 kHz in z
direction. This shows that the approximate equation 2.8 is quite good. These parameters for
trap operation were chosen such that 39K+ ions are trapped efficiently, and 85Rb+ ions are not.
The reason of such a scenario will be clear in section 3.1. The parameters for trapping 85Rb+

ions are f = 500 kHz, Vouter =−5 V and Vinner = 80 V.
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2.3 Fabry-Pérot cavity

concave mirrors
Highly reflective

Radius,

Fig. 2.14 Diagram of a Fabry-Pérot Cavity. The red part is the light confined in the cavity. The
color gradient illustrates the intensity variation for a standing wave formed inside the cavity.
As the mirrors are concave, the light is also seen focused at the center of the cavity.

To confine the field of a photon to a finite volume, we use two highly reflecting concave mirrors
facing each other as shown in figure 2.14.

2.3.1 Spatial mode of the cavity field

For electrical field in vacuum, the wave equation can be written as,

∇
2E (⃗r, t)− 1

c2
∂ 2E (⃗r, t)

∂ t2 = 0 (2.9)

where c is the speed of light. The simplest solution for the above equation is a plane wave.
However, the boundary conditions imposed by the cavity mirrors don’t allow plane waves
as a solution. In paraxial approximation where the rays normal to the wavefronts make
very small angle with the optical axis, the electric field can be written as [61, 62], E (⃗r, t) =
E0ψ+(⃗r)eikze−iωt . Where k = 2π/λ is wavenumber, λ is the wavelength and ω/(2π) is the
frequency of the light wave. This is a plane wave traveling in +z direction modulated by
the factor ψ+(⃗r) which varies slowly along the +z axis. Putting this form in equation 2.9
and keeping only first derivative of ψ+(⃗r) with respect to z as the field varies slowly along z
compared to the wavelength (λ ), we get,

∇
2
Tψ+(x,y,z)+2ik

∂ψ+(x,y,z)
∂ z

= 0 (2.10)
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where ∇2
T = ∂ 2/∂x2 + ∂ 2/∂y2 is the Laplacian operator in the transverse direction. This is

called paraxial Helmholtz equation. The solution to this equation depends on the boundary
conditions, and for optical components with cylindrical symmetry the fundamental solution is
given by [62],

ψ+(⃗r)eikz =
w0

w(z)
e−(x2+y2)/w(z)2

eikz−i tan−1(z/z0)e
1
2 ik(x2+y2)/R(z). (2.11)

Here, w0 is the waist size at the center, w(z) = w0
√

1+(z/z0)2 is waist size at a distance z
from the center, R(z) = z[1+(z0/z)2] is the radius of curvature, z0 = πw2

0/λ is the Rayleigh
range.

For our cavity which is made up of two spherical mirrors, the wavefront of light having the
functional form of equation 2.11 should match the curvature of mirrors at the mirror position.
This constrains the parameters in the equation 2.11 giving [62],

w2
0 =

λd
2π

√
2|R|

d
−1 (2.12)

where d is the distance between the mirrors and R is the radius of curvature for both the mirrors.
There is also a condition for stability of such a resonator [62] given by, 0 < (1−d/|R|)2 < 1.

Similar analysis can be done for a wave traveling in −z direction giving,

ψ−(⃗r)e−ikz =
w0

w(z)
e−(x2+y2)/w(z)2

e−ikz−i tan−1(z/z0)e
1
2 ik(x2+y2)/R(z). (2.13)

In the cavity, the amplitudes of the two counter-propagating waves will add,

ψ (⃗r) = ψ+(⃗r)eikz +ψ−(⃗r)e−ikz

=
2w0

w(z)
e−(x2+y2)/w(z)2

cos [kz]e−i tan−1(z/z0)e
1
2 ik(x2+y2)/R(z). (2.14)

Similarly higher order modes which are stable inside the cavity can be found [62] and are
of two types, first ones with rectangular symmetry are called Hermite-Gaussian modes and
second ones with cylindrical symmetry are called Laguerre-Gaussian modes. The functional
form of Hermite-Gaussian modes is,

ψmn(⃗r) =
2w0

w(z)
Hm

(√
2x

w(z)

)
Hn

(√
2y

w(z)

)
e−(x2+y2)/w(z)2

cos [kz]e−(m+n+1)i tan−1(z/z0)e
1
2 ik(x2+y2)/R(z). (2.15)
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Where Hm

(√
2x

w(z)

)
is a Hermite polynomial of order m. For Laguerre-Gaussian modes,

ψmn(⃗r) =
2w0

w(z)

[
(x2 + y2)

w(z)2

]
Lm

n

(
(x2 + y2)

w(z)2

)
e−im tan−1(y/x)

e−(x2+y2)/w(z)2
cos [kz]e−(m+n+1)i tan−1(z/z0)e

1
2 ik(x2+y2)/R(z). (2.16)

Where Lm
n

(
(x2+y2)

w(z)2

)
is a generalized Laguerre polynomial. m and n are integers.

In frequency domain, the resonance condition for all of these modes is given by [62],

ωcv/(2π) = νmn = νfsr

[
q+

1+m+n
π

cos−1 (1−d/|R|)
]
. (2.17)

νfsr =
c

2d is frequency between q+1 and q longitudinal modes and is called the free spectral
range (FSR) of the cavity. The modes with different values of m and n are called transverse
modes.

2.3.2 Quantized cavity field

The quantized electric field inside the cavity can be written as [55],

E (⃗r, t) =−

√
h̄ωcv

2ε0

[
f (⃗r)â(t)+ f ∗(⃗r)â†(t)

]
(2.18)

where f (⃗r) is spatial mode function, â(t) and â†(t) are annihilation and creation operators
respectively for cavity photons.

From equation 2.14 the normalized spatial mode function can be written as,

f (⃗r) =
1√
V

w0

w(z)
e−(x2+y2)/w(z)2

cos [kz]e−i tan−1(z/z0)e
1
2 ik(x2+y2)/R(z). (2.19)

Where V = πw2
0d/4 is the volume of the cavity mode and is obtained from the requirement∫

| f (⃗r)|2dr = 1.
For our cavity the radius of curvature of the concave surface of the mirrors is |R|= 50 mm

and the distance between the mirrors is d = 45.7 mm. Using these quantities, the mode waist at
the cavity center becomes w0 = 78µm, and the Rayleigh range of the Gaussian mode becomes
z0 = 24.9 mm. The interaction of light inside the cavity with the atoms will happen in the
region where z ≪ z0, hence near the atomic ensemble the spatial mode function can be written
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as,

f (⃗r) =
1√
V

e−(x2+y2)/w2
0 cos [kz]. (2.20)

2.3.3 Rate equation for the cavity field

M1 M2

Fig. 2.15 Light fields interacting with the cavity mirrors. M1 - input mirror of the cavity, M2 -
output mirror of the cavity, αin - field input to the cavity, α and α ′ - field inside the cavity, αr -
field reflected by the cavity, αout - field transmitted by the cavity.

To calculate the effect of atoms on the cavity field, we first need to calculate the state and
dynamics of the field inside an empty cavity. Let αin(t) be the amplitude of light field incident
on the first mirror of the cavity, Rf is mirror reflectivity, Tr is transitivity of the mirrors and Ab

is absorption and scattering loss from the mirrors. For fields, the reflectivity, transitivity, and
absorptivity become rf =

√
Rf, tr =

√
Tr and ab =

√
Ab respectively. The field after reflection

by mirror M2 and just before mirror M1 is (see figure 2.15),

α
′(t) = rf(1−ab)α(t − τ)eiπe−i(2nπ+∆cvτ) (2.21)

where τ = 2d/c is round trip time for the cavity. ∆cv = ω −ωcv is detuning of the incident
light frequency from nearest cavity mode frequency. The phase π is due to reflection from the
mirror and 2nπ +∆cvτ is relative phase acquired after one round trip where n is an integer. This
phase is 2nπ when the light frequency is same as the cavity resonance frequency. Similarly, the
intra-cavity field just after the mirror M1 is,

α(t) = trαin + rf(1−ab)α
′(t)eiπ . (2.22)

From equations 2.21 and 2.22 and using e−i2nπ = 1,

α(t) = trαin + r2
f (1−ab)

2
α(t − τ)eiπe−i∆cvτ . (2.23)

Subtracting α(t − τ) and dividing by τ on both sides give,

α(t)−α(t − τ)

τ
=

trαin

τ
+

r2
f (1−ab)

2e−i∆cvτ −1
τ

α(t − τ). (2.24)



26 Overview of experimental concepts, techniques, and apparatus

Let us define rates for transmission and absorption losses as,

κr = (1− rf)/(τ) = (1−
√

1−Tr)/(τ)≈
Tr

2τ
(2.25)

κa = ab/τ. (2.26)

For our cavity, κrτ ≪ 1, κaτ ≪ 1 and ∆cvτ ≪ 1 because all the loss terms are of the order of
MHz or less and 1/τ is of the order of GHz. Hence only linear terms are important. In the
limit, τ → 0 we get a rate equation,

dα(t)
dt

= η − (κt − i∆cv)α(t) (2.27)

where η = trαin
τ

is the rate at which input field is transmitted into the cavity and κt = 2κr +2κa

is the total loss rate inside the cavity. The limit τ → 0 is justified because the time scale for all
the other relevant processes like cavity decay, atomic decay, and cavity-atom interactions is
small compared to τ . In steady state, the intra-cavity intensity then becomes proportional to,

|α|2 = |η |2

∆2
cv +κ2

t
(2.28)

The intensity of light transmitted by the 2nd mirror is proportional to,

|αout|2 = |α|2Tr =
|η |2Tr

∆2
cv +κ2

t
=

T 2
r |αin|2

(∆2
cv +κ2

t )τ
2 =

4κ2
r |αin|2

(∆2
cv +κ2

t )

= Tc|αin|2. (2.29)

Similarly, the intensity of reflected light is proportional to,

|αr|2 =
[
(κt −2κr)

2 +∆2
cv

(∆2
cv +κ2

t )

]
|αin|2 = Rc|αin|2. (2.30)

Here Tc and Rc are transitivity and reflectivity of the cavity respectively. The intracavity intensity
is a Lorentzian function with the full width at half maxima (FWHM) δν = 2 κt

2π
. The ratio of

cavity FSR to FWHM (F = νfsr
δν

) is called the finesse of the cavity. Here νfsr = c/2d = 1/τ

is FSR of the cavity. Finesse is usually used to specify the quality of a cavity and can also be
defined as the ratio of average time spent by the photon in the cavity to twice cavity round
trip time, F = (2π/κt)

2τ
. Hence higher the finesse better the efficiency of trapping the photon.

Quality factor (Q = ωcv/2π

δν
) is another quantity which is a measure of how good a cavity is. For

optical cavities ωcv/2π ≫ δν , hence F is more appropriate quantity to specify.



2.3 Fabry-Pérot cavity 27

2.3.4 Estimating the intracavity intensity

For studies of various atom-light interactions inside the cavity, it is important to know the exact
value of intracavity intensity. There is no direct way yet to measure the intracavity intensity of
many cavity photons without destroying the photons. Only detection of single cavity photon has
been demonstrated [63, 64]. However, the intracavity intensity can be estimated by measuring
the intensity of light coming out of the cavity which is proportional to the intracavity intensity.
Below we describe the procedure to estimate the intracavity intensity. From equation 2.29 it can
be seen that this estimation requires the knowledge of total loss rate (κt) and the transmission
rate (κr) of the cavity mirrors. κt can be obtained by measuring the linewidth of the transmission
spectrum of the cavity. κr can be obtained by measuring the absolute value of transmission or
reflection using equation 2.29 or 2.30. However, while deriving these equations we assumed
that the light transmitted by the first mirror (|αin|2) couples completely to the cavity. This is
not practical as the cavity will only accept photons which have same spatial mode as the one
supported by the cavity. Even though a mode matching lens is always present before coupling
the light to the cavity as shown in figure 2.16, the coupling is never 100%. Hence, only some
fraction of the light ( fr|αin|2) will be coupled to the cavity. There are two unknown variables
( fr and κr) now. This requires two observations which will be provided by measuring absolute
values of transmitted and reflected power. Here, the powers measured by PD1 and PD3 of
figure 2.16 will be required. Let us denote by Pt

out the power transmitted by the cavity when
the laser frequency and cavity resonance match, Pr

1 the power detected by PD1 when laser
light is far from cavity resonance, Pr

2 the power detected by PD1 when laser light is on cavity
resonance, and Pin the power incident on first cavity mirror. Ideally, the transmission (Tc) and
reflection (Rc) coefficients will be given by, Pt

out
Pin

and Pr
2

Pin
respectively if only the model from

subsection 2.3.3 is used. Practically, including the mode matching factor the transmission
coefficient becomes, Tc =

Pt
out

frPin
. As can be seen from figure 2.16 the total reflected power does

not reach PD1, hence we have to include a loss factor lr in calculating the reflectivity. Hence,
practically Pr

1 = lrPin and Pr
2 = lrRc frPin + lr(1− fr)Pin. Here, the second term comes from the

assumption that the fraction of power which does not couple to the cavity is reflected back.
Dividing Pr

2 by Pr
1 and rearranging gives, Rc =

Pr
2−Pr

1(1− fr)
Pr

1 fr
. Hence calculating the values of κr

and fr requires solving the coupled linear equations,

4κ2
r

(∆2
cv +κ2

t )
=

Pt
out

frPin

(κt −2κr)
2 +∆2

cv

(∆2
cv +κ2

t )
=

Pr
2 −Pr

1(1− fr)

Pr
1 fr

. (2.31)
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Once κr is known, the intracavity power can be calculated easily and is given by, Pt
outTr = 2Pt

outκr.
While deriving the equations, we assumed that the two mirrors are completely identical.

2.3.5 Locking a laser to the cavity

The length of the optical cavity and the frequency of the lasers in our experiment change due
to thermal fluctuations. The change in the length of the cavity also changes the resonance
frequency of the cavity. So, in order to have a non-fluctuating intensity of light inside the cavity,
we have to lock the frequency of the laser to that of the cavity resonance. This ensures the
laser is always on the cavity resonance and hence there are no intensity fluctuations. Here, we
do not stabilize the cavity length actively because the drift in cavity resonance frequency is
of the order of few MHz during our experimental cycle. This drift is small compared to the
width of the molecular resonances in the Photoassociation (PA) processes studied in chapter
6. The aim of the experiment studied in chapter 6 which uses this locking technique is to
perform PA in a cavity. The optical setup for locking the PA laser is shown in the figure 2.16.
The laser is locked to the reflection signal of the cavity using the Pound–Drever–Hall (PDH)
technique [65]. In some of the cavity PA experiments, we were required to scan the intensity of
PA laser continuously while performing the experiment. This is achieved by attenuating the
intensity of laser using a circular variable neutral density filter (VNDF). For a beam of light
passing near the circumference of the VNDF, the optical depth changes when the VNDF is
rotated around its center. This rotation is achieved by a stepper motor. But, varying the intensity
creates problems for the locking of the laser to the cavity. To solve this issue, we pass the
reflected light from the cavity through an acousto-optical modulator (AOM8) and lock the laser
to the cavity using first order diffraction beam of AOM8. The intensity of this first order beam
depends on the input intensity to AOM8 and RF power fed to AOM8. Hence, the intensity on
PD1 can be kept constant even when input intensity to AOM8 is varied by controlling the RF
power. The intensity on PD1 is actively stabilized using the signal of PD2 and a PID circuit
which controls the RF drive driving AOM8. Additionally, the intensity of light coming out
of the cavity is monitored using PD3, and the spatial mode of the cavity is monitored using a
CCD camera as shown in figure 2.16.
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PBS Laser

AOM8

SMPMF
to wavemeter

APPISO

PBS

LA
LA

PD1
SMPMF

PID

PDD

VNDF TA

Cavity

50:50 BS

PD2

PID

RF Drive

RF

50:50 BS

CCD

PD3

Fig. 2.16 The optical setup for the locking of PA laser to the cavity. VNDF - variable neutral
density filter, BS - beam splitter, RF - radio frequency, CCD - charge-coupled device camera,
PDD - Pound-Drever-Hall detector, and PID - proportional-integral-differential regulator. For
abbreviations of the remaining components see caption of figure 2.3.

2.4 The whole assembly

To study interactions between atoms, ions, and photons all the techniques mentioned above
should be integrated together. Figure 2.17 on the last page of this chapter shows a result of such
an integration in a single vacuum chamber. The vacuum chamber is made up of stainless steel
and is customized model provided by the company Kimball Physics. The chamber has an outer
diameter of 17.27 cm, a height of 3.5 cm, and is designed with 16 CF16 and 2 CF100 ports.
The vacuum inside the experimental chamber is maintained by an ion pump which is connected
to one of its port. This results in a vacuum of ∼ 10−10 torr when the MOT is operational. The
assembly is such that the centers of the ion trap, atom trap, and cavity coincide roughly. Fine
adjustment to the center of atomic cloud is done by using the magnetic field of Helmholtz
coils placed around the chamber. The ions created in our experiments are detected using a
channel electron multiplier (Dr. Sjuts: KBL10RS), the position of it with respect to other
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components is shown in the figure 2.17. The atoms are loaded from a thermal vapor created in
the experimental chamber using dispensers containing alkali metal salt. The dispensers emit
thermal alkali atoms when they are heated by passing few amperes of current through them.
There are dispensers of total four elements inside the chamber which can be used to create
ultracold atoms. They are, rubidium (72.2% 85Rb and 27.8% 87Rb), enriched potassium (8.4%
40K, 85.42% 39K, and 6.16%41K), cesium (100% 133Cs), and calcium (99.9% 40Ca).

Combining a MOT, an ion trap and a cavity together put many constraints on the components
and their arrangements. The ion trapping is done using only electric fields in a modified
spherical Paul trap as high magnetic fields required to trap ions in Penning trap will not allow
the operation of a MOT for atoms. Also, the size of the MOT beams has to be large and hence
occupy large volumes. Hence the Paul trap is created using thin tungsten wires of 80 µm
diameter to minimize the blocking and scattering of MOT beams. Additionally, the ions are
extracted radially with respect to the Paul trap as axial extraction is not possible due to the
presence of the cavity along the axial axis. The finesse of our cavity is not very high because
high finesse might result in the build up of high intensity of light inside the cavity due to the
coupling of the fluorescence from the MOT atoms to the cavity. This high-intensity light will
interfere with the operation of the MOT. Also, the distance between cavity mirrors is kept large
to allow for MOT beams to reach the center of the MOT. Increasing the distance between the
mirrors results in a decrease in atom-cavity coupling strength (g0), nevertheless, we are in
collective strong coupling regime where the collective interaction of atoms is large enough to
be observable. Finally, as was discussed in chapter 1, there are two methods to create molecules
from a ultracold ensemble of atoms. One method uses a magnetic field and the other uses lasers
to create molecules. As will be seen in chapter 6 we choose to use lasers to create molecules
via the process of PA because the large magnetic fields required for Feshbach creation of the
molecules will hinder the operation of the MOT. For more details about the assembly and its
construction see the thesis of Tridib Ray [58] and S. Jyothi [59].
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Chapter 3

Collisional cooling of lighter ions by
heavier atoms

In the introduction, we enumerated various motivations for combining ion and atom traps. One
of the motivation was to see whether we can cool ions using an ensemble of atoms. Uniform
buffer gas of atoms lighter than the ion have been extensively used to cool the trapped ions [5, 6].
For such a scenario it was theoretically shown that cooling is not possible when the atoms
are heavier than the ions [6–9]. For such a case, the ion will heat as it undergoes collisions
with atoms instead of being cooled even if the temperature of the atoms is much lower than
that of the ion. In a seminal work on this topic by Major and Dehmelt [6], an estimation for
the atom to ion mass ratio of one (mr = (ma/mi) = 1) was made above which heating occurs.
Here ma is the mass of atoms and mi the mass of ions. More recent values of this ratio, called
the critical mass ratio (CMR) above which heating occurs has been the topic of many recent
articles [7–9]. The CMR values derived by these work are 1.55 [7], 1.47 [8] and 0.95 [9] for
our ion trap parameters. In a previous work from our group [10], cooling of ions by atoms of
equal mass was experimentally demonstrated and it was theoretically shown that cooling is
possible for any mass ratio if the atom-ion collisions are restricted to the center of the trap.
Recent theoretical work [66, 67] by another group detailed and extended the description of
such a cooling process, and suggest some approaches for making it more efficient in addition
to ones discussed in this chapter. An experiment to validate this claim was missing. In the
following section, we describe an experiment which shows cooling of K+ ions using 85Rb
atoms. In the later sections, we will talk about simulations that mimic such experiments, and
we will provide qualitative interpretations of the results obtained in the experiments.
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3.1 Experiments demonstrating cooling of ions

The goal of the experiment described in this section is to show that 39K+ ions are effectively
cooled by 85Rb atoms in a MOT. To create the 39K+ ions we build a small MOT of 39K from
which ions are loaded by two photon ionization near the center of the ion trap and the dense
85Rb MOT. The ions loaded in the trap then interact with 85Rb atoms. The details about 39K
MOT is given in section 2.1.

For 85Rb MOT the cooling light is 12 MHz red detuned from the 85Rb (52S1/2 , F = 3) →
85Rb (52P3/2 , F ′ = 4) transition and the repumping light is on resonance with the 85Rb (52S1/2

, F = 2) → 85Rb (52P3/2 , F ′ = 3) transition. The total power in the cooling (repumping) beams
is 20 mW (1 mW ). With a magnetic field gradient of ∼ 22 Gauss/cm, a 85Rb MOT with ∼
4×105 ultracold 85Rb atoms (FWHM ∼ 280 µm and peak density ∼ 1010 cm−3) is formed at
a temperature of 150 µK.

The 39K+ ions are created by resonant two-photon ionization of ultracold atoms in the
39K MOT, where the first photon (the cooling laser of the 39K MOT, which is 35 MHz red
detuned from 2-3′ transition of D2 line of 39K atoms) results in the 42S1/2 → 42P3/2 excitation
at 767 nm and a second photon is sourced from a collimated light-emitting diode (LED) with
its emission centered at 456 nm. The beams for the 39K MOT are combined with those for the
85Rb MOT on a polarizing beam splitter and which then propagate along the same direction.

50:50 BS

PBSPolarizer

Shutter

Shutter
SMPMF of

Beam dump

Beam dump

To MOT Rb MOT 

SMPMF of

SMPMF of
K MOT

repump beam 

Rb MOT 
cooling beam 

repump beam and 
cooling beam 

Fig. 3.1 Experimental setup showing the mixing of 39K and 85Rb MOT beams. PBS - polarizing
beam splitter, 50:50 BS - 50 % transmission and 50 % reflection beam splitter, SMPMF - single
mode polarization maintaining fiber, λ/2 - half wave plate.
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The experimental arrangement for the mixing of the MOT beams is shown in figure 3.1. The
two MOTs are formed at the same location and they overlap with the ion trap center. The
loading of the two MOTs is independently controlled by mechanical shutters placed in the
paths of the respective laser beams as shown in figure 3.1. Both MOT’s are vapor-loaded. The
parameters for trapping of 39K+ are given in section 2.2. The counting of trapped ions is done
by detecting them using a channel electron multiplier (CEM) which gives a ∼ 8 ns pulse of
voltage across a resistor whenever an ion makes an impact on the CEM [68]. The extraction of
ions from ion trap region to the CEM is done by applying a high voltage (360 V) pulse, which
launches them along the axis of a time of flight (ToF) mass spectrometer (MS). This ToF MS
between the ion trap and the CEM enables differentiation between 39K+ and 85Rb+ ions based
on their time of arrival. More details about the extraction process can be found in [68] and [59].

The aim of the experiment is to measure the lifetime of the trapped 39K+ ions when held
with and without the 85Rb MOT atoms. The experimental sequence is given in figure 3.2.
The LED light can also ionize 85Rb atoms, hence the 85Rb MOT is operated only after the
ionization step is completed. The sequence is: the 39K MOT is loaded, the fields used for
ion-trapping are switched on, 39K+ ions are created by a flash of blue LED, and the light of the
39K MOT is shuttered off in order to remove the remaining atoms from interaction region. In
the second stage, either the 85Rb MOT light is allowed to load the 85Rb MOT, or the 85Rb light
is kept blocked so that no MOT is loaded. The trapped 39K+ ions are then held in the ion trap
for variable hold times, and are subsequently extracted for detection by a CEM. The pulses
generated by the impact of ions are counted, and the number of ions which have survived in the
ion trap is recorded as a function of the hold time (t). This is done both in the presence and
absence of the 85Rb MOT. Additionally, an experiment to check the localized cooling of ions
was separately conducted with 85Rb+ ions, with a MOT of 133Cs atoms, in a distinct apparatus.

Fig. 3.2 Relative timing sequence for various stages in the experiment.
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Results of the experiments

The results of the experiment mentioned above are shown in Fig. 3.3. In Fig. 3.3(a), it can
be seen that 39K+ ions survive longer in the presence of 85Rb MOT atoms. For small hold
time intervals, there is not a great difference between surviving ion number with (circles) and
without (squares) 85Rb MOT since it takes 5 seconds for the 85Rb MOT to load. After 5 seconds
of hold time, the difference starts to emerge, and a clear separation between the two cases can
be seen at 25 seconds.

The trapping lifetime of the ions increases because in the presence of 85Rb MOT atoms, the
total heating rate of ions is reduced. The reduction in heating rate is possible only due to the
cooling effect of the 85Rb MOT atoms [10, 28]. The cooling of 39K+ ions is made possible
because the 85Rb atoms are located precisely at the center of the ion trap, and the volume of the

Fig. 3.3 (a) The number of 39K+ ions (Ni) remaining in the ion trap for different values of the
hold time either in the presence (blue circles) or the absence (red squares) of the 85Rb MOT.
The blue and the red lines are single exponential fits for the respective cases. The increase
in the survival probability of trapped 39K+ ions in the presence of the 85Rb MOT indicates
the cooling of 39K+ ions. The error bars represent the width (one s.d.) of the underlying
ion number distribution. (b) The ratio between the number of trapped 39K+ ions with 85Rb
MOT (NWM

i ) and with no 85Rb MOT (NNM
i ), for low (≤ 5.9×10−10 Torr) background partial

pressure of Rb (blue triangles) and high (≥ 8.3×10−10 Torr) background partial pressure of
Rb (dotted green line). The shaded region represents one s.d. for the measurements at a high
background pressure. At a high background pressure, the cooling of ions (indicated by ratios
> 1) is not experimentally discernible. The solid line is a fit to an exponential for the low
background pressure case. The values of partial pressure for Rb was obtained from the loading
rate of the 85Rb MOT [69].
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ion trap is much larger than the volume of the atom trap. This localization of atoms ensures
that collisions happen near the center of the ion trap, where the energy due to micromotion of
ions is negligible [10]. In contrast, for a uniform buffer gas majority of collisions take place
near the classical turning points where micromotion is highest [10].

Nine measurements similar to Fig. 3.3(a) were performed all of which showed cooling
of 39K+ in the presence of 85Rb MOT atoms. We can fit a single exponential of the form
Ni(t) = N0

i e−k(t−5) to the data from all of these nine measurements, where Ni(t) is ion number
after a hold time t, N0

i is the ion number at 5 seconds hold time and k gives the rate of
decay in the number of ions. The mean of k for experiments without 85Rb MOT atoms is
k1 = 0.089(0.014)s−1, and with 85Rb MOT atoms is k2 = 0.056(0.018)s−1, the values in
brackets are standard deviation (s.d) of the means. The lifetimes corresponding to these rates
are τ1 = 11.2+2.2

−1.6 s and τ2 = 17.8+8.2
−4.3 s for without and with 85Rb MOT atoms respectively. The

triangles in Fig. 3.3(b) show the averages of ratios of number of ions with 85Rb MOT atoms and
without 85Rb MOT atoms for the given hold time. As seen in the figure the ratio increases with
hold time and a fit of the form Aekeff(t−5) gives keff = 0.0293(±0.0024)≈ (k1−k2). Fig. 3.3(b)
shows the same ratio for a higher background pressure of Rb atoms but with the same number
of atoms in 85Rb MOT. Here the ratios for all hold times is near one because a higher density of
the uniform gas of Rb atoms will heat the lower mass ion 39K+ more, completely overpowering
the cooling effect of the 85Rb MOT. This observation tells us that the background pressure
contributes to heating of the ions in a major way, consistent with the initial predictions of Major
and Dehmelt [6] and other recent work [7–9] on buffer gas cooling and heating.

In earlier experiments with 85Rb+ ions and a 85Rb MOT [10], the cooling of ions was faster
compared to this experiment. The cooling rate is higher because mr = 1 for which cooling due
to elastic collisions is more efficient plus the cooling by resonant charge exchange (RCE) is
likely to have been active [70]. Since K and Rb are different species, RCE is not possible, but
nonresonant charge exchange (nRCE) is. However, it is very weak [71] and is not detected in
our experiment. The experimental sequence to check for nRCE is as follows,

(a) 85Rb+ ions are loaded into the ion trap by photoionization of 85Rb atoms from a 85Rb
MOT. The 85Rb+ ions are held in the ion trap with or without the 85Rb MOT for a certain
hold time, and are then extracted onto the CEM for detection. The arrival time distribution
of 85Rb+ ions is recorded.

(b) Keeping the ion trap voltages identical, 39K+ ions are loaded into the ion trap by photoion-
ization of ultracold 39K atoms in a 39K MOT. The 39K+ ions are held in the ion trap for a
certain hold time (without the 85 Rb MOT, thus making sure 85Rb+ ions are not formed)
and are then extracted onto the CEM for detection. The arrival time distribution of the 39K
ions is recorded and found to be distinct from that of the 85Rb+ ions.
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(c) The experiment with 39K+ ions with the 85Rb MOT is then performed, and the ion arrival
time distribution is found to be completely consistent with 39K+ ions but not with 85Rb+

ions.

Hence, no confirmed detection of 85Rb+ ions could be made suggesting very low rates of nRCE.
All the experimental results presented in this section suggest that, in an ideal situation with no
background gas, a small ensemble of cold atoms, localized at the precise center of the ion trap
will always cool a trapped ion via elastic collisions, whatever the ion-atom mass ratio.

To provide more evidence for cooling of ions by localized ensembles of gas, similar
experiments were done with 85Rb+ ions in the presence of 133Cs MOT atoms [11], in a separate
experimental chamber [25]. This further validated the claim that ions can be cooled using
localized atoms of heavier mass. Figure 3.4 shows the results. An increase in the survival
probability of trapped 85Rb+ ions in the presence of the 133Cs MOT indicates a cooling of
85Rb+ ions. Figure 3.4(b) shows the ratio between the number of surviving 85Rb+ ions in the
presence and the absence of the 133Cs MOT, obtained by averaging over ten experimental runs.
The ratio increases with increasing hold time, and a fit to the ratio using the form Aekeff(t−1)

yields keff = 0.053(±0.003). This value of keff is much greater than that for the cooling of
39K+ ions by 85Rb atoms shown earlier. This is partly because the atom-ion mass ratio (1.565)
in this case is lower, resulting in faster cooling compared to the 39K+-85Rb atom case.

(a) (b)

Fig. 3.4 (a) The number of 85Rb+ ions (Ni) remaining in the ion trap for different values of the
hold time either in the presence (blue circles) or the absence (red squares) of the 133Cs MOT.
The blue and the red lines are single exponential fits for the respective cases. The error bars
represent the width (one s.d.) of the underlying ion number distribution. (b) The ratio between
the number of trapped 85Rb+ ions with 133Cs MOT (NWM

i ) and with no 133Cs MOT (NNM
i ) is

shown. The experiment and data analysis for this figure was performed by Sourav Dutta.
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3.2 Simulations to explain the mechanism of cooling

To study the effect of collisions on the trajectory, kinetic energy and the survival probability of
an ion in the ion trap, we use a Monte-Carlo (MC) method to simulate (in Mathematica) the
dynamics and the effect of collisions of the ion in the presence of atoms. In the simulations,
the ion-ion interactions are neglected, which is a good approximation in the regime of high
ion temperatures and the small ion numbers in our experiment. The small number and high
temperature of ions ensure that the likelihood of two ions being present in the trap center at the
same time is very small because ions move very quickly through the trap center In the outer
reaches of the ion trap, the ion-ion collisions are neglected as the volume of the trap makes
ion-ion collisions in the outer reaches of the trap very rare.

The simulation procedure proceeds as follows,

(i) At the start of the simulation the ion is stationary, which represents the creation of an ion
from a MOT with negligible initial kinetic energy. Its position is chosen randomly, within
a sphere of radius 1 mm that is concentric with the ion trap.

(ii) The classical trajectory of ion is then evaluated numerically in the presence of an ion trap
potential given by Eqn. 2.7. The duration of this evaluation (ti) is randomly chosen in the
range zero to tci, where tci is equal to 20 times the inverse of RF frequency.

(iii) The stopping point of the above evaluation becomes the initial condition for an elastic
collision of the ion with a MOT atom. The final velocity of the ion is then computed
using classical collision theory [10, 72, 73].

(iv) We assume that the collision event is instantaneous with respect to all the relevant time
scales and hence the position of the ion does not change during the collision, only the
velocity changes. The ion trajectory is again evaluated, with this updated velocity as the
initial condition for the times ti to t1 = ti + τc, where τc is chosen randomly according to
the weights given by the Poisson distribution with a mean of tci.

(v) After the above evaluation, a trial evaluation is done for times t1 to t1+ tci. This evaluation
is done in order to predict the position and time of next collision. The distance of the ion
from the center of the ion trap is noted down in a list at regular and small intervals of time
from t1 to t1 + tci. Then a weighted random choice is made from the list where the next
collision takes place. The weights are proportional to the local atomic density at those
points. After this a second weighted choice is made between MOT atoms and background
atoms depending on their relative local densities. The background atoms are assumed
to have uniform density and a velocity distribution compatible with a room temperature
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of 300 K. The MOT atoms have a Gaussian density distribution (n0e−r2/(2σ2
a )) having

standard a deviation of σa and co-centered with the ion trap. The velocity distribution of
the MOT atoms is compatible with temperature, TMOT.

(vi) Once the collision point is chosen, steps (iii) to (v) are repeated. This is iterated in order
to simulate a large number of collisions. We store the kinetic energy (K.E.) of the ions at
regular intervals of tci/100. During each numerical evaluation in the ion trap, we track
the position of the ion and stop the simulation if the ion has gone beyond 4 mm in any
directions from the center of the ion trap. The time at which such a departure happens is
noted down. This gives the exit time of the ion from the ion trap, and the ion is assumed
to be lost.

(vii) The whole cycle from (i) to (vi) is repeated 30 times with different initial conditions for
the ion position.

This simulation is a faithful representation of the conceptual framework for multiple
scattering of ions by atoms and is adapted from the simulations in Ravi et al. [10, 72], with two
major differences: (a) the resonant charge exchange collisions are dropped, i.e. only elastic
collisions are considered which is consistent with the mixed species experiments, and (ii)
collisions with a uniform density background gas are also included.

The results of the simulations mentioned above for three different ions (39K+, 85Rb+, and
133Cs+) in a gas of 85Rb MOT atoms is shown in figures 3.5 and 3.6. These three cases
correspond to different atom-ion mass ratios (mr = 2.179, 1 and 0.639), corresponding to low,
equal and high mass of the ion with respect to the colliding atoms. In all these cases, the 85Rb
MOT is assumed to have a Gaussian density distribution with σa = 100 µm. The K.E. plotted
in the graphs is the mean kinetic energy of the ions between two successive collisions. All the
cases mentioned above show cooling in the presence of 85Rb MOT atoms precisely placed at
the center of the ion trap.

As seen in the Fig. 3.5, the b.g. atoms will heat the ion, and the MOT atoms will cool the
ion. At high background pressures, the ion losses with and without a MOT are the same, as
seen experimentally in Fig. 3.3(b). As the background gas (b.g.) density is reduced, cooling
due to the MOT overcomes the heating due to the background vapor and therefore lowers
the ion kinetic energy as is evident from Fig. 3.5(b), and the ion survives longer as seen in
Fig. 3.5(a). When the b.g. density is zero, the ions are held in perpetuity. Fig. 3.5(b) illustrates
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(a) (b)

Fig. 3.5 (a) The number of surviving 39K+ ions in the simulation1as a function of the number
of collisions each ion experiences. The ions collide with both the background gas of Rb atoms
and the 85Rb MOT atoms. (b) The mean kinetic energy of the ions for the simulations in
(a). In order to make a comparison with the experiment, we use the potential of the wire
trap mentioned in section 2.2 for evaluation of ion trajectories in the ion trap. The ion trap
parameters are, f = 700 kHz, Vouter =−5 V and Vinner = 85.4 V.

the competition between the cooling and the heating of the ion for the cases in Fig. 3.5(a), and
shows cooling to a steady state temperature when a background vapor of Rb is absent.

From figure 3.6(a), no net change in mean K.E. of 85Rb+ ions is seen when b.g. alone is
considered, consistent with the original theory by Major and Dehmelt [6] for mi = ma. The
addition of the 85Rb MOT, i.e. a localized atomic density at the center of the ion trap, results in
a decrease of the mean K.E. suggesting a decrease in the temperature of trapped 85Rb+ ions.
For the case of 133 Cs+ in 85Rb MOT, a net decrease in the mean K.E. is seen in both cases as
shown in Fig. 3.6(b). The case with b.g. is consistent with the original theory by Major and
Dehmelt [6] for mi > ma. The addition of the 85Rb MOT increases the rate at which the mean
K.E. decreases, suggesting a faster rate of cooling of the trapped 133Cs+ ions and a lower final
temperature. It is noteworthy that in both cases (a) and (b) above, the simulation also shows
that a trapped ion never escapes the ion trap. These simulations support the expectation that an

1The Mathematica code for the case "MOT with 10% b.g" is available at https://goo.gl/mzUzvA. The file name
is "K39+_Rb85_BG+MOT_0.1_eject.nb". The code for the other cases is the same, except that the parameters are
changed.

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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ion in an ion trap will always be cooled by a localized ensemble of cold gas which is precisely
located at the center of the trap for all the mass ratios.

(b)(a)

Fig. 3.6 Collisional cooling of ions for different ion-atom mass ratios. (a) The mean kinetic
energy of trapped 85Rb+ ions as a function of the number of collisions with equal mass 85Rb
atoms. The blue curve represents the case when collisions with the background gas (b.g.) of Rb
alone is considered. The red curve represents the case when collisions with both 85Rb MOT
atoms and b.g. are considered. The ion trap parameters used for the 85Rb+ ion simulations are,
f = 500 kHz, Vouter =−5 V and Vinner = 80 V. (b) The mean K.E. of trapped 133 Cs+ ions as a
function of the number of collisions with lighter 85Rb atoms. Again, the blue curve represents
the case when collision with the background gas (b.g.) of Rb alone is considered. The red curve
represents the case when collisions with both 85Rb MOT atoms and b.g. are considered. The
ion trap parameters used for the 133Cs+ ion simulations are, f = 500 kHz, Vouter =−5 V and
Vinner = 100 V.

3.3 Towards efficient cooling of ions

In this section, we present results of simulations done to study the dependence of various
parameters on the efficiency of ion cooling by a localized ensemble of atoms having higher
mass than the ion. First, we check what happens when we change the size of the atomic cloud,
keeping all other parameters constant. As was seen in Fig.3.5(b), the ions attain a steady state
mean K.E. when only 85Rb MOT atoms are present. Figure 3.7 shows how the cooling changes
if we vary the size of the Gaussian density function of MOT atoms. The mean K.E. of trapped
39K+ ions as a function of the number of collisions with heavier 85Rb MOT atoms is shown
for three different sizes of the 85Rb MOT. Background gas collisions are completely neglected.
Beyond a critical MOT size, the point when the spatial extent of the MOT (σa) is larger than
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Fig. 3.7 Effect of σa of the 85Rb density distribution on the steady state mean K.E. of trapped
39K+ ions. The ion trap parameters are same as in Fig. 3.5.

the radius within which the trapped ions are created with speed vi ∼ 0, a net increase in the
mean K.E. is seen (red curve). This is expected, as now the reservoir of atoms extends beyond
the initial trap extent of the ions, and therefore begins to resemble the situation consistent with
Major and Dehmelt’s theory [6] of ion heating when mi < ma. Smaller spatial extents of the
MOTs (shown as blue and black curves) enable a faster rate of decrease of mean K.E. and
result in lower final temperatures2 of the trapped ions. The steady state temperature (Ts) of the
ions is found to be proportional to the σ2

a of the MOT Gaussian density function, for given
ion trap parameters. Hence reducing the size of the atomic cloud significantly reduces the ion
temperature in steady state.

For the case where the mass of the ions is less than the atoms, Major and Dehmelt [6]
and other recent work [7–9] have predicted that the ion will always heat up in the presence
of a uniform buffer gas of atoms, irrespective of the atom temperature. Our approach with
a localized ensemble of atoms tells us that ions will always be cooled irrespective of the
mass ratio. However, the steady state value of the ion temperature might change. Hence,
we performed simulations for different ion-atom mass ratios (mr) for the case when only a
localized ensemble of atoms is present, and no background gas. Figure 3.8 shows the results
the simulations for 39K+ ions with ma varying from 41 to 173. For these simulations, only the
mass of the atoms is changed, and all other parameters are kept constant. As expected, the

2Whenever we talk about the temperature of the ion, we are referring to the mean K.E of the ion because the
energy distribution of the ions is non-thermal and hence temperature cannot be defined in conventional sense. The
mean K.E comes closest to the definition of temperature for ions trapped in ion trap.
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Fig. 3.8 Steady state temperature attained by the 39K+ ion with different masses of atoms is
shown by the red squares. The blue line is a quadratic fit of the form, a+bx2. The quadratic fit
is empirical and is used due to an absence of an analytical theory. Ion trap parameters are same
as in Fig. 3.5 except that here we take the ion trap to be ideal corresponding to the equation 2.6
with d = 10 mm, in order to get rid of effects due to trap imperfections. The standard deviation
of the atomic density Gaussian (σa), is 10 µm for all the simulations presented in this figure.
The green dotted line indicates the mass ratio for 39K+ ions and 85Rb atoms.

steady state temperature is highly dependent on the mass ratio mr as the cooling rate depends
on it.

The s-wave collision threshold for ion-atom collisions scales inversely with the square of
the reduced mass, so the ability to cool lighter ions with heavy atoms implies that the s-wave
limit of ∼ 30 nK for Rb+ and Rb can now be raised by a factor of ∼ 60 to ∼ 2 µK for a 7Li+

and 87Rb, which is technically simpler and would usher in the quantum regime for this versatile
system. With this goal in mind, we perform simulations for cooling of a 7Li+ ion by a 87Rb
MOT. The mass ratio is very high (mr = 12.14), enabling us to see, to what ratio the cooling of
lighter ions by the heavier atoms can be stretched. In the simulations, we could attain a steady
state temperature of 28 µK for the 7Li+ ion in the presence of 87Rb atoms having a Gaussian
density distribution of σa = 1 µm. The size of the atomic cloud chosen can be attained for a
cold ensemble of Rb atoms trapped in a dipole trap. The ion trap (Eqn. 2.6) parameters are,
f = 2 MHz, Vrf = 4.1 V, U0 = 0 V and d = 10 mm. For 7Li+ the RF frequency has to be high
as it is a lighter ion compared to K+ ion. We have kept the RF voltage very small in order to
keep the secular frequencies very low (ωx/2π = ωy/2π = 5 kHz and ωz/2π = 10 kHz). From
the Viral theorem [5, 73] the mean kinetic energy is proportional to ω2

i σ2
i , where ωi and σi are

frequency and the standard deviation of the ion position with i ∈ (x,y,z) respectively. Thus,
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Fig. 3.9 Steady state temperature attained by the 7Li+ ion in the presence of localized 85Rb
atoms as a function of the root mean square of the secular frequencies (1
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z ) of

the ion trap is shown by the red squares. The blue line is a quadratic fit of the form, a+bx2

to all the data points and black dashed line is the same fit but only to first three data points.
The ion trap (Eqn. 2.6) parameters are, f = 2 MHz, d = 10 mm, U0 = 0 V and a variable Vrf in
order to change the secular frequency. The MOT size is σa = 1 µm.

Fig. 3.10 Motion of the 7Li+ ion in ion trap along the x-direction for two different secular
frequencies. The x-axis shows time in the units of secular time periods in the x-direction given
by 1

fx
. This figure shows a dependence of the micromotion on the secular frequency.
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in order to lower the steady state temperature of the ion, we have to use a very low secular
frequency. However, the steady state temperature is not strictly proportional to the square of the
secular frequency as can be seen in Fig. 3.9. The proportionality is only maintained till secular
frequency ∼ 20 kHz. There is a discrepancy because the standard deviation of the ion position
also changes when the secular frequency is changed. The increase in standard deviation of the
ion position with increase in secular frequency is due to an increase in micromotion amplitude
of the ion, as seen in Fig. 3.10. Since the micromotion is responsible for ion heating in the
case of lighter ions with respect to the atoms [6, 72, 7–9, 66], the new radius from the center
of atomic cloud at which heating and cooling are balanced changes when the micromotion
amplitude changes.

From the above observations, an efficient and simple way to cool the ion will be to first
place the ion in a stiff trap, with higher ωi, along with localized ultracold atoms, and then
adiabatically reduce the stiffness of the trap (and hence ωi) to lower the temperature of the ion
even further. In the limit ωi → 0, the ion will be of the same temperature as the atoms.

3.4 Energy Distribution

The previous sections of this chapter, and related work on collisional cooling of trapped ions
with cold atoms by other groups in recent years, have underlined the complexity of the system
being studied. The question arises: why is the cooling of a single ion in collisions with atoms
invoking so much interest. The simple reason is that the ion is trapped dynamically in a Paul
trap, and within this framework the result of a single collision with a cold atom can lead to
either heating or cooling of the ion depending on the precise parameters of the collision. It is
therefore vital to understand the nature of the cooling process, even at the level of specific trap
configuration. Below, we explore the kinetic energy distribution of ions cooled by a localized
ensemble of atoms.

Kinetic energy distributions have been used extensively in order to decide whether an
ion immersed in a uniform density of cold atoms will cool or heat in recent theoretical and
numerical work [7–9]. The complexity mentioned above results in an energy distribution
deviating from Maxwell-Boltzmann (MB) distribution and gives an opportunity to study non-
MB statistics. In this section, we discuss the K.E distributions obtained from our simulations.
The K.E distributions of 39K+ ion in the presence of a localized ensemble of an atomic gas
for various parameters are shown in Fig. 3.11. The procedure to obtain the data points is as
follows; Since we are concerned only with the changes in the K.E when a collision between the
ion and an atom happens, we track the average of K.E. of the ion between two collisions. This
is done for 4000 collisions. One hundred such simulations of 4000 collisions with different
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initial conditions are performed and the average K.E. values from these simulations are then
binned in order to obtain a probability density. For the binning process, we consider only K.E.
values for collisions after attaining a steady state of average K.E where only fluctuations around
a mean are seen. To attain such steady state usually less than 1000 collisions are needed.

These distributions are very different from the usual Maxwell-Boltzmann (MB) energy
distribution which has a functional form, C0

√
Ee−

−E
kBT , where E is energy, T is temperature,

kB is the Boltzmann constant, and C0 is a scaling parameter. One non-MB distribution which
is a generalization of MB distribution, and was predicted in the framework of nonextensive

statistical mechanics [74] is a Tsallis distribution having functional form, C0
√

E
(

1+ E
qkBT

)−q
,

where q is a real number. The Tsallis distribution reduces to MB distribution for q → ∞. The
mean energy calculated using this distribution diverges for q < 1. Hence q < 1 is used as a
criterion to predict heating of ions in the presence of uniform buffer gas of atoms [7–9]. The
mass ratio mr above which q < 1 is called critical mass ratio (CMR). For mr > CMR, theory
and simulations show heating of ion in the presence of uniform buffer gas [7–9]. However,
if the atomic gas is localized at the center of the ion trap, cooling of the ion occurs even
for mr > CMR which we have demonstrated using both experiments and simulations. We
fit our data to this distribution in order to compare our simulations with the uniform buffer
gas simulations. In simulations for the case of a uniform buffer gas, the energy distribution
was shown to obey the Tsallis distribution [7–9]. The tail of the Tsallis distributions has the
form of a power law (C0E−s) with s = q− 1

2 as E
qkBT > 1 for larger values of E compared to

the temperature kBT . For the case of a localized gas, we find that the tail has an exponential

decay in addition to the power law, hence we fit to the form C0E−se−
E
ε0 where s, C0 and ε0

are constants and E is the energy variable. A similar observation was made by Höltkemeier
et.al [66, 67] for the case of localized buffer gas. The exponent s tells us how fast the energy
distribution is decaying. The higher the value of s, the faster is the decay of energy distribution
as we move towards high energy values. The three analytical forms described above are fitted
to our distributions from the simulations, results of which are shown in Fig. 3.11.

As can be inferred from Figs. 3.11 (b), (f), (g), and (h), the MB and Tsallis functions start
to fit better as the mass ratio starts to become higher, keeping all other parameters constant, but
the mean K.E. starts to increase. The fit to a Tsallis function is very good for mr = 4.435, as

seen in the Fig. 3.11 (h). The function E−se−
E
ε0 fits to the tails of all the distributions. As is

evident form the Fig. 3.11, the distributions depend not just on atom-ion mass ratio but also
on other parameters. An analytical theory which predicts the shape of the distribution will
greatly advance this topic. We hope these simulations inspire such a theory in the framework
of non-equilibrium statistical mechanics.
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(a) (b)

(c)

(e) (f)

(g) (h)

Fig. 3.11 Mean kinetic energy probability distributions of 39K ions trapped in an ideal 3D Paul
trap, and in the presence of ultracold atoms. The parameters for the graphs (a)-(h) are given in
Table 3.1 below. Black dots show the data from the simulations. The blue curve is a fit to a
MB distribution, the green curve is the fit to a Tsallis distribution, and the red curve is a fit to

E−se−
−E
ε0 . The fitted values of s and ε0 are mentioned in the graphs. P.D. - Probability Density.
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ma (u) ωx/y (kHz) ωz (kHz) Ta (µK) σa (µm) ⟨K.E.⟩/kB (mK)
(a) 85 53 107 150 100 26000
(b) 85 53 107 150 10 260
(c) 85 19 38 150 10 15
(d) 85 19 38 500 1 0.18
(e) 85 19 38 10 1 0.18
(f) 60 53 107 150 10 73
(g) 133 53 107 150 10 700
(h) 173 53 107 150 10 1100

Table 3.1 Here, columns 2-6 are for parameters in Fig. 3.11 (a)-(h) and column 7 is mean K.E.
in the steady state obtained from the simulations3. Ta is the temperature of the atoms.

3.5 Discussion

In this chapter, we presented experiments and simulations for cooling of ions in the presence
of higher mass localized atoms. We discussed ways to improve the efficiency of cooling in
such a scenario of a heavy ion and light atoms. The cooling is possible in this case because
the atoms are localized at the center of the ion trap. Our experiment paves a way towards
realizing many possible ion-atom experiments. One such example is cooling of H+

2 ions using
ultracold gas of lithium atoms. Ultracold H+

2 ions are important for many precision studies [75],
and for chemistry at ultracold temperatures. So far, lithium is the lightest atom which can be
laser-cooled on a transition with a stable ground state and there is no way to cool H+

2 ions
other than by sympathetic cooling with other precooled species. The mass ratio, in this case,
is 3.5 and hence traditional uniform buffer gas techniques will lead to ion heating. We have
performed a simulation to study the cooling of H+

2 by lithium atoms, and the resulting K.E.
distribution is shown in the figure 3.12.

In conclusion, the mixing of an ensemble of atoms with ions offers exploration of many
interesting phenomenon, some of which we have explored in this chapter. From the studies
mentioned in this thesis, we foresee exploration of many physics problems related to statistical
physics and physics at ultracold temperatures.

3The Mathematica code for the case "(h)" is available at https://goo.gl/mzUzvA. The
file name is "K39+_Yt173_onlyMOT0.01mm.nb" for the Monte-Carlo simulation and
"K39+_Yt173_onlyMOT0.01mm_KE_dist" for the code which extracts the average K.E. distribution
from the simulation data.

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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Fig. 3.12 Mean kinetic energy probability distributions of H+
2 ions in the presence of ultracold

7Li atoms. The parameters are, ωx/y = 34 kHz, ωz = 68 kHz, Ta = 10 µK, σa = 1 µm, f = 6
MHz. Black dots show the data from the simulations. The blue curve is a fit to MB distribution,
the green curve is the fit to Tsallis distribution, and the red curve is a fit to E−se−

E
ε0 . P.D. -

Probability Density. The mean K.E., in this case, is 87 µK.



Chapter 4

Control of resonant light transmission for
an atom-cavity system

A resonantly coupled atom-cavity system can be utilized to explore various possibilities, ranging
from linear and nonlinear physics [12, 76–78], single photon-atom-cavity systems [33, 79] all
the way to multiple atoms [80, 81, 38] in a cavity supported mode. In this chapter, we present a
theoretical model to study interactions between multilevel atoms and cavity. This model will be
later used to explore the manipulation of the intracavity light mode for an atom-cavity system,
where the light is resonant or near resonant with a dipole transition of the atoms contained
within the mode volume.

The analysis here is inspired by the optical control experiments described in detail in Sharma
et. al. [12], which are performed at room temperature with a cell of atomic vapor in a standing
wave cavity. For the control of cavity light using another light beam via multi-level atoms, the
phenomenon of optical bistability was exploited in this experiment. Significant work has been
done on optical bistability in two-level [76] and three-level systems [82]. Many features (but
not all) observed in above studies are explained using the numerical results of Harshawardhan
and Agarwal [83]. However, there were significant points of interest experimentally which
required theoretical understanding and which resulted in the work discussed in this chapter.
Earlier related experimental [76, 82, 84] and theoretical/numerical [83, 85] work is almost
exclusively in ring cavity systems. In our work, we perform theoretical calculations for atoms
in the Fabry-Pérot cavity. While the ring and standing wave cavity-atom systems have a close
equivalence, the extension of such vapor cell experiments to those with cold atoms requires
the stationary wave cavity due to the unbalanced light forces in a conventional ring cavity
arrangement.

Another major feature of this work is optical control of the intracavity intensity when the
atoms are stationary within the cavity mode, that is a closed system for the atoms and for an
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open system of atoms, where the cavity mode atoms are exchanged with a reservoir of thermal
atoms. In a thermal reservoir, the energy levels of atoms without any external light field has a
thermal distribution. The two cases mentioned above lead to different behavior, in particular,
the timescales for switching are different for the two cases.

4.1 Summary of the vapor cell experiment

In this section, we will give a summary of portions of the vapor cell experiment which are
relevant to the calculations mentioned in this chapter. This experiment is described in detail in
an article by Sharma et. al. [12]. A schematic of the experimental setup is shown in figure 4.1
(a) and the atomic energy level diagram is shown in figure 4.1 (b). The experiment is performed
with a vapor cell of rubidium atoms at room temperature. A symmetric sub-confocal Fabry-
Pérot (FP) cavity is constructed around a cylindrical spectroscopy cell that is 75 mm in length
and 25 mm in diameter, containing an isotopically enriched sample of 87Rb. The cavity mirrors
have a radius of curvature of 250 mm and are separated by ≈ 80 mm. The measured finesse F

of the cavity for light on atomic resonance is F ≈ 100. An annular piezoelectric transducer

(a) (b)

Fig. 4.1 (a) Schematic of the experimental setup for the vapor cell experiment. The FP
cavity with the 87Rb cell is shown. The probe beam (solid line) is coupled to the cavity, and
the transmission and reflection ports are monitored using the photodiodes PDT and PDR ,
respectively. The spatial profile of the transmitted mode is captured using a CCD camera.
The control beam (dashed line) intersects the cavity mode over a small spatial region and is
monitored using PDC. Switching and intensity modulation of the two beams are done using the
AOMs as shown. (b) Energy level diagram of 87Rb atoms present in the vapor cell.
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(PZT) is attached to one mirror of the cavity which can be used to change the resonance
frequency of the cavity.

At room temperature, the excited state manifold of 87Rb is unresolved due to Doppler
broadening. This results in observation of two absorption features, separated by 6.8 GHz
corresponding to the frequency difference between the two ground states F = 1 and F = 2. Let
us identify ω1 and ω2 as the frequencies corresponding to the Doppler absorption maxima
of the F = 1 ↔ F’ and F = 2 ↔ F’ manifolds, respectively. The laser beam coupled into the
cavity mode is the probe laser beam, with frequency ωp ↔ ω2 and intensity Ip. The laser
beam intersecting the probe laser beam in the cavity mode is the control laser beam, with
frequency ωc (either ω1 or ω2) and intensity Ic. The pump and probe beams are both derived
from independent lasers, and both lasers are temperature stabilized and have a linewidth of ≈ 2
MHz. Neither laser is actively frequency stabilized. The overall stability of the experiment is
sufficient to execute many experimental cycles without significant drift in the laser or cavity
parameters. The cavity-mode waist is ≈ 150 µm. The diameter of the control laser beam is ≤
1 mm and so its intersection with the mode is localized. The intensities of both laser beams can
be controlled using acousto-optical modulators (AOMs). The control laser beam intersects the
probe beam in the cavity mode with a small volume of intersection.

4.1.1 Bistability and switching

On atomic resonance, the probe light transmitted through the cavity exhibits bistable behavior
with respect to the input light intensity. This is observed over the entire Doppler broadened
resonance, when the cavity length is adjusted to support transmission. The input probe intensity
into the cavity is ramped from low to high (up cycle) and back from high to low (down cycle) by
using the AOM in the path. The evolution of the cavity transmitted power (PDT ) as a function
of the incident probe power (PDI) exhibits bistable behavior, as shown in figure 4.2. The lack
of active stabilization of the cavity length as well as the laser frequency leads to some scatter in
the cavity input-output traces. To overcome this, a seven-point moving average is implemented
on the data to obtain the traces presented in figure 4.2. This results in the blunting of the
sharp threshold features, but nevertheless illustrates the sharp onset of transmission. In the up
cycle, the transmission intensity shows a relatively small linear increase for input light intensity
I < It;u. At It;u a small change in input intensity results in a sharp increase of intracavity
light build-up and the cavity consequently transmits light, exhibiting the characteristics of
the threshold behavior. Beyond this point, the transmitted light intensity grows linearly with
the input intensity, with significantly larger slope than the response below the threshold. In
the down cycle, as the input intensity is gradually reduced, the above-threshold linear regime
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Fig. 4.2 Transmitted light through the cavity, at ω2, as a function of input light power for up
and down cycles. The arrows shows the directions of the input intensity scan. The cavity
transmission with increasing input power is the solid red line, while the solid blue line gives the
transmission as a function of falling input power, in the absence of the control beam. When the
control beam is tuned to ω1, the hysteresis feature shifts to higher input powers. In the presence
of the control light with a power of 10 mW, the new increasing power response is represented
by the green circles, while the orange circles give the falling input-power response. The shift in
the cavity response, in the presence of the control light, results in the control of the intracavity
light intensity.

persists well below It;u, until It;d , below which the transmitted intensity follows the behavior of
I < It;u. The intensity build-up in the cavity exhibits hysteresis in the range It;d < I < It;u.

With the cavity-mode light frequency ωp on atomic resonance, the addition of another beam
of light on atomic resonance, which intersects the cavity mode, can alter the intracavity-mode
intensity. Specifically, for ωp = ω2, when ωc = ω2, the same atomic transition, the hysteresis
behavior shifts to lower input light power. On the other hand, when ωc = ω1, the hysteresis
behavior shifts to higher input probe light power, as shown in figure 4.2. A weak beam of
the control laser with frequency ωc = ω1 is sufficient to extinguish the transmission of ωp

completely. Thus the presence of control light inhibits the transmission for any input light
intensity that is below the new threshold. For input light intensity above the threshold, the
control light causes partial attenuation. The intensity of the control beam determines the degree
of attenuation in the range of input intensities of ωp over which the hysteresis response is
seen. The suppression of the cavity transmission of the probe beam by the control beam can be
used to fabricate an all-optical negative-logic switch. The intensities of the probe and control
beams are chosen so that cavity-mode extinction is seen. The control beam is turned on and
off through the control AOM and the cavity output is monitored. When the control is on, the
probe transmission is dramatically reduced. The transmission goes back to the initial level
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Fig. 4.3 Time trace recording three cycles of switching. The upper trace shows the temporal
profile of the control laser and the bottom trace shows the temporal profile of the cavity
transmission. The transmission is high when Ic = 0 and low when Ic > Ic;s . For this set of probe
and control frequencies, the switch operates in negative logic.

when the control beam is turned off. This results in the optical switching of the probe light by
the application of the control beam as shown in figure 4.3. The opposite case of cavity mode
enhancement when the control beam has same frequency as the probe beam (ωp = ωc = ω2)
can be used to fabricate an all-optical positive-logic switch.

The atomic fluorescence from the cavity mode and the intersecting control beam was also
monitored during the switching. In the negative-logic partial switching case, we observe
enhanced fluorescence in the intersection volume, as shown in figures 4.4(a) and 4.4(c), when
the cavity transmission is attenuated. The increased fluorescence is due to the pulling away
of the atom-light system from saturation by ω1 in the region of overlap, resulting in increased
absorption of cavity-mode light locally. For the reverse case of positive logic switching, the
fluorescence in the intersection volume of the probe and control beams decreases, as shown in
figures 4.4(b) and 4.4(c), when the cavity transmission is enhanced. The decreased fluorescence,
in this case, is due to the saturating effect of the control beam on the atomic transition which is
in resonance with the cavity mode. This results in decreased absorption of cavity-mode light
locally.
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Fig. 4.4 (a) and (b) Image of the intersection region of the cavity mode with the control beam
(200 pixels ≈ 25 mm). The bold two-headed arrow marks the direction of the cavity mode
and the dashed single-headed arrow the control beam. The system is in the partial attenuation
regime for this experiment. Illustrated are (a) increased light scattering accompanying probe
attenuation, i.e., the two beams on complementary transitions, and (b) decreased light scattering
accompanying probe enhancement, i.e., the two beams on the same transition. Also illustrated
is (c) the fluorescence intensity in arbitrary units along the cavity mode, from which it is clear
that the scattering from the intersection volume is enhanced for the negative-logic configuration
(thin blue line) and reduced for the positive-logic case (thick red line).

4.1.2 Transient behavior

The transient behavior of the switching action described above is measured by tuning the probe
intensity so that it is switched with high fidelity by the smallest control beam power. Once
again ωp and ωc are tuned to ω2 and ω1, respectively. For the negative-logic switching, the
transmission as the control beam is switched off and on is shown in figure 4.5. The transient
behavior is not fit well by a single exponential. It was found that a double-exponential function
fits the rise and fall behavior well and adding additional fit parameters does not improve the
quality of the fit. The fast time constants are ≈ 25 µs and the slow time constants are ≈ 500
µs. The switching time of the control light AOM is less than 100 ns and therefore does not
limit our measurement. The reasons for the complex temporal response will be addressed in
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Fig. 4.5 Transient (a) rise and (b) fall response of the cavity output probe light for the negative-
logic switching.

subsection 4.3.2 where we will discuss the theory of these phenomena. Complementary to
the extinction of light in the cavity mode described above, the light in the cavity mode can be
enhanced by a transverse beam, demonstrating the switching of cavity mode in the positive
logic. As mentioned in subsection 4.1.1, to do this, the probe and control beams are adjusted to
be on the same atomic resonance ωp = ωc = ω2 , while the experimental arrangement remains
the same. Here too the observed time scales are ≈ 500 µs as shown in figure 4.6.

Fig. 4.6 Transient (a) rise and (b) fall response of the cavity output probe light for positive logic
switching.

Additionally, figure 4.7 shows the on- and off-resonance build-up and decay of the probe
light in the cavity without the control laser which can be used for comparison with the switching
times mentioned above. The measurements show that the decay of the light in the cavity mode
is rapid (≈ 1 µs) both on- and off-resonance. In all cases, the decay rates measured are limited
by the response time of the photodiode used. For the rise times, the off-resonance build-up
of power in the cavity mode is rapid (measurement limited by the photodiode response time),
whereas the on-resonance build-up time constant is ≈ 60 µs for ωp = ω1 and ≈ 180 µs for
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ωp = ω2. The large on-resonance rise time of the transmitted light and hence the intracavity
intensity build-up rate can be directly related to the photon loss from the cavity mode due to
resonant scattering of photons by the atoms. It was observed that the time constants for the
establishment of the steady-state circulating intensity, and therefore steady transmission, are in
the ratio of the transition strengths of the respective 87Rb atomic resonances.

Fig. 4.7 Measured decay and rise of the cavity transmission for the probe, on- and off-resonance.
The decay of the steady-state intensity is measured in transmission for (a) the off-resonance case
and (b) the on-resonance case. In both cases, the fall time has sub-microsecond time constants.
Also shown is the rise in the transmitted intensity (c) off-resonance and (d) on-resonance.
Here the rise time constant for the off-resonance case is sub-microsecond, whereas for the
on-resonance case it is significantly larger.

The above experimental results needed explanation. In general, it was quite clear that there
was a change in level populations when the light fields interacted with the atoms. However, the
two time constants for the switching and the fact that the switching times are long was a puzzle.
In order to attempt an explanation of all the observed phenomenon, the system was analyzed
theoretically. Below we present the result of the analysis.
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4.2 2-level atoms interacting with a cavity

Before moving to more complicated calculations, let us consider a simple case of two-level
atoms interacting with the cavity. The Hamiltonian for a system of N two-level atoms interacting
with a cavity which is probed by a classical probe laser can be written as [55, 86, 87],

Ĥ = h̄ωcv â†â+ h̄
{

η
∗âe−iωpt +η â†eiωpt

}
+
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{
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where â and â† are photon annihilation and creation operators for the cavity field with commu-
tation relation [â, â†] = 1. σ
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ωcv/(2h̄ε0V ) as the maximum atom-cavity
coupling, f ′(x,y,z) =

√
V f (⃗r) = e−(x2+y2)/w2

0 cos [kz] is mode function of the cavity field de-
rived in section 2.3, V = πw2

0Lc/4 is the mode volume of the cavity, Lc is cavity length, µ is
the transition dipole matrix element between excited and ground state, η is the rate at which
classical light is injected into the cavity from the incident probe light. ωcv, ωa, ωp are frequen-
cies of the cavity (resonance frequency of the cavity when it is empty), atom, and cavity probe
respectively and ∗ denotes complex conjugate. The evolution equation for the expectation value
for an operator X̂ can be evaluated using the Heisenberg equation,

d⟨X̂⟩
dt

=
i
h̄
⟨[Ĥ, X̂ ]⟩, (4.1)

where, [Ĥ, X̂ ] is the commutator of X̂ with the Hamiltonian, Ĥ. For the atom-cavity system
defined above the evolution equations for the atomic states and the cavity field, after including
spontaneous emission rates and cavity loss terms phenomenologically, and assuming the cavity
field to be classical denoted by a coherent state |α⟩ result in the set of coupled differential
equations [86, 87],
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Here, Γ is the spontaneous emission decay rate from the excited state and we have used the
equation

〈
σ̂e, j
〉
+
〈
σ̂g, j
〉
= 1 to eliminate the ground state population variable. The origin

of cavity decay rate κ and cavity driving η is described in the section 2.3 of chapter 2.
Transforming the above equations into rotating frame such that ρ j =

〈
σ̂
−
j

〉
eiωpt and α =

⟨â⟩eiωpt to get rid of fast oscillations, we get,

dα(t)
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where ρ j is the coherence between excited and ground state, and ρe, j =
〈
σ̂e, j
〉

is the excited
state population of the jth atom. Here ∆pa = ωp−ωa and ∆pc = ωp−ωcv are detuning of probe
light from atomic transition and cavity resonance respectively. Let’s assume that the cavity
field is so weak that the atoms remain mostly in ground state, i.e. ρe, j(t)≈ 0. For this case the
Eqns. 4.3 in steady state become,
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For such a case the cavity field is,
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For the case ωcv = ωa, the intracavity average photon number is,
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Where, gt =
√

∑
N
j=1 g2

j is total g for all the atoms. In all the experiments discussed in this
thesis, the atoms are not stationary and hence do not have a constant coupling strength, but on
average the total coupling strength should not change if the atom number is conserved during
the experiment. Hence the more practical exercise will be to take the average of all g2

j . This
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Fig. 4.8 Blue curve and red dotted curve are average intracavity photon numbers without atoms
and with atoms (using Eqn. 4.6) present in the cavity respectively. The parameters used here
are, η = κt = 5 MHz, Γ = 6.06 MHz, g0

√
Nc = 30 MHz.

can be achieved by multiplication of g2
j at a particular location with the probability of atom

to be at that position (proportional to the atomic density at that position) and integrating over
whole space, i.e.

∫
g2

0| f ′(x,y,z)|2 p(x,y,z) dx dy dz. This integral is same for all the atoms
hence summing over all the atoms gives g2

t = g2
0Nc, where

Nc = N
∫

| f ′(x,y,z)|2 p(x,y,z) dx dy dz =
∫

| f ′(x,y,z)|2n(x,y,z) dx dy dz (4.7)

is an average number of atoms coupled to the cavity. The integral
∫
| f ′(x,y,z)|2n(x,y,z) dx dy dz

is the overlap integral between cavity mode and atomic density distribution, n(x,y,z). Eqn. (4.6)
gives splitting in cavity transmission peak called vacuum Rabi splitting (VRS)/normal mode
splitting as shown in figure 4.8. The splitting between two peaks is equal to 2gt = 2g0

√
Nc. In

the framework of quantum mechanics, the splitting is equal to the energy difference between
newly formed collective eigenstate of the cavity field and atoms if we restrict to only one
excitation in the whole system [88].

The same splitting can also be obtained by coupling Nc stationary atoms with cavity all of
which have coupling strength g0. In such a scenario the coupled differential equations become
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very simplified. For example Eqn. 4.3 becomes,

dα(t)
dt
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κt − i∆pc

)
α(t)− ig0Ncρ(t)−η (4.8a)

dρ(t)
dt
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ρ(t)+ ig0α(t)(2ρe(t)−1) (4.8b)

dρe(t)
dt

=−Γρe(t)+ i{g0α
∗(t)ρ(t)−g0α(t)ρ∗(t)} (4.8c)

In this case, we only have to keep track of atomic variables for a single atom because all
atoms are identical and the effect of Nc atoms on cavity light is just Nc multiplied by effect
due to a single atom. For a large number of atoms with constant density distribution, such an
approach of averaging is beneficial for easy computations and conceptual understanding of
physics discussed in this chapter. Hence to qualitatively understand the physics, we will follow
this approach in the next sections.

4.3 Multilevel atoms in Fabry-Pérot cavity

In this section, we present the model for the system of multi level atoms placed inside a Fabry-
Pérot cavity and determine the conditions for optical bistability. The model solves for both,
steady state and transient evolution of this system. A four-level atomic system is considered
initially, and three- and two- level systems are discussed subsequently. The connection to
experiments is made in the later sections by considering the various atomic subsystems for
the 87Rb atom, and the model provides a phenomenological interpretation of experimental
results summarized in section 4.1. The application of this model to laser cooled atoms [38] or
ions [89] coupled to a cavity is addressed. Further, the flow of atoms in and out of the cavity
mode is included, so that the transient behavior of the atom-cavity systems can be captured.
Comparisons with the experiment are made, and the model successfully replicates the observed
transients shown in figures 4.6 and 4.5 of the experiment discussed in section 4.1 and prepares
a platform for a variety of experiments.

Consider a cavity which encloses a thermal vapor of atoms. In the model here, we assume
that the atomic reservoir is significantly larger than the cavity mode volume. This allows the
study of the atom-cavity system in two cases. (a) The closed system, where the atoms contained
in the cavity mode are assumed to be stationary, and so the same atoms are always coupled to
the cavity. (b) The open system, where the atoms enter and exit the cavity mode volume, with
the constraint that the effective number of atoms within the cavity mode is constant. Initially,
the calculations are setup for stationary atoms, and the exchange of atoms is incorporated later.
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Fig. 4.9 (a) Schematic diagram of the system. The atoms are enclosed in a cell, located within
the Fabry-Pérot cavity. The filled circles represent atoms overlapped with the mode, and
the empty circles represent the background atom vapor. The incident probe beam, on cavity
resonance, is transmitted through the cavity. A transverse control beam (dashed) intersects
the cavity mode volume. On atomic resonance, cavity mode light intensity is affected by the
presence of the control light beam, which affects the light transmitted through the cavity. The
inset (b) shows the atomic level scheme. The probe laser beam is near resonant with transition
|1⟩ ↔ |3⟩ with frequency ωp and detuning ∆p, and the control laser beam is near resonant with
|2⟩ ↔ |4⟩ having frequency ωc and detuning ∆c.

The schematic conceptualization of the system is illustrated in figure 4.9(a). For specificity,
we consider a medium made up of atoms having two ground states |1⟩ and |2⟩. States |1⟩
and |2⟩ are non-degenerate, and cannot decay by any radiative or other processes from one to
another. The only process by which the ground state populations of the stationary atoms change
is via optical transitions, with the excited states. The two ground states are energetically close
to each other when compared to first excited state, such that at room temperature the population
is split equally between the two ground states. The excited atomic states are |3⟩ and |4⟩, which
are non-degenerate. Dipole allowed transitions are possible between both the excited states and
the ground states, and so an excited atom can spontaneously emit a photon and populate either
one of these ground states.

As discussed in the previous section, we are concerned with the average effect of many
atoms interacting with the cavity mode and therefore consider the effective number of atoms
(Nc) coupled to the cavity, to understand phenomenon qualitatively. While the thermal motion
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of the atoms also affects the atom-cavity coupling, we assume that on the time scale of the
experiment, the average atomic density and velocity distributions do not change. This is the
rationale for the coupling of the effective number of atoms with a single atom-cavity coupling
constant g0.

Below we consider mechanisms which transfer the populations from one ground state
to another, in the presence of the externally applied light fields, for various atomic level
subsystems.

4.3.1 Closed system of atoms

Four level atoms

For the four-level stationary atoms, as shown in figure 4.9 we have an ensemble of atoms placed
within the cavity mode. The cavity mode beam (probe beam) with frequency ωp, is tuned to
the |1⟩ ↔ |3⟩ resonance. The control beam with frequency ωc is orthogonal to the cavity axis
and is tuned to the |2⟩ ↔ |4⟩ resonance. Identifying the operator σ̂i j ≡ |i⟩⟨ j|, we can write the
Hamiltonian for the four-level atoms with eigenstates |2⟩, |1⟩, |3⟩ and |4⟩ and eigenenergies
h̄ω2 = 0, h̄ω1, h̄ω3 and h̄ω4, along with the interactions with two fields, consistent with the
energy level diagram in figure 4.9(b) as [86, 87, 55],

Ĥ = h̄(σ̂11ω1 + σ̂33ω3 + σ̂44ω4)+ h̄g0

(
â†

σ̂13eiωpt + âσ̂31e−iωpt
)

+ h̄
(
Ω

∗
σ̂24eiωct +Ωσ̂42e−iωct) . (4.9)

In the above equation, g0 = −µ13
√

ωp/(2h̄ε0V ) is atom-cavity coupling, where µ13 is the
transition dipole matrix element between |3⟩ and |1⟩, 2Ω =−µ24|Ec|/h̄ is Rabi frequency for
control beam, where µ24 is the transition dipole matrix element between |4⟩ and |2⟩, |Ec| is the
magnitude of electric field of the control light, and ∗ denotes complex conjugate. The intensity
of control beam is kept constant.

As we are not in the single photon regime, it is appropriate to consider the expectation
values for the field operators in the cavity mode, where α = ⟨a⟩ and α∗ = ⟨a†⟩ correspond to
the coherent field (semi-classical approximation). Using Eqn. 4.1 and transforming to rotating
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frame, we get coupled differential equations similar to Eqn. 4.8,

α̇ =−η −κtα − ig0Ncρ13 (4.10a)

ρ̇13 =−
(
γ13 + i∆p

)
ρ13 + ig0α(ρ33 −ρ11) (4.10b)

ρ̇33 =−Γρ33 + ig0(α
∗
ρ13 −αρ

∗
13) (4.10c)

ρ̇11 =
Γ

2
ρ44 +

Γ

2
ρ33 − ig0(α

∗
ρ13 −αρ

∗
13) (4.10d)

ρ̇24 =−(γ24 + i∆c)ρ24 + iΩ(ρ44 −ρ22) (4.10e)

ρ̇44 =−Γρ44 + i(Ω∗
ρ24 −Ωρ

∗
24) (4.10f)

ρ̇22 =
Γ

2
ρ44 +

Γ

2
ρ33 − i(Ω∗

ρ24 −Ωρ
∗
24). (4.10g)

Here, Γ is the spontaneous emission decay rate of the excited states, γ13 and γ24 are the
decoherence rates for coherence between states {|3⟩ , |1⟩} and {|4⟩ , |2⟩} respectively. The
probe laser detuning from the |1⟩↔ |3⟩ transition is ∆p = (ω3−ω1)−ωp, and the control laser
detuning from the |2⟩ ↔ |4⟩ transition is ∆c = (ω4 −ω2)−ωc. The probe is resonant with the
cavity (ωp = ωcv).

The objective throughout this work is to solve for the intracavity light intensity α when the
states of the atoms interact with the light fields. In this case the application of the cavity mode
laser ωp (|1⟩ ↔ |3⟩) and the transverse control laser ωc (|2⟩ ↔ |4⟩) couples the ground states of
the atoms in a manner that shifts the state populations in the atoms. This, in turn, affects the
intensity of the light in the cavity mode. The entire coupled system of Eqns. 4.10 can be solved
to obtain α , with realistic parameters for the atom and cavity.

For the atom, we have ρ13 = eiωpt ⟨|1⟩⟨3|⟩ and ρ24 = eiωct ⟨|2⟩⟨4|⟩ for the coherences, and
ρnn = ⟨|n⟩⟨n|⟩ for diagonal terms representing the state populations. We neglect collisional
dephasing for all transitions, and set γ24 = γ13 =

Γ

2 in Eqns. 4.10. Nc is the effective number of
atoms coupled to the cavity at any given time and is taken to be a constant. In the α̇ equation,
the third term represents the loss of intracavity light due to the presence of spontaneously
emitting resonant atoms in the cavity and is proportional to the effective number of atoms (Nc).

In steady state, α̇ = 0 and ρ̇mn = 0,∀(m,n) and Eqns. (4.10) becomes a set of linear
equations which can be solved algebraically. Eliminating the atomic variables1 we get a
nonlinear equation of degree 3 in α ,

−η −κtα −χα = 0, (4.11)

1The algebraic manipulation tool of Mathematica program is very helpful here. The Mathematica code for this
manipulation is available at https://goo.gl/mzUzvA. The file name is "stationary_4level_steady state hysteresis.nb".
This file also contains the code to obtain and plot the data for figure 4.10.

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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Fig. 4.10 Transmitted power of cavity versus input power after solving Eqn. (4.11) numerically
and converting to SI units. The different curves correspond to different detunings of the probe
laser from the atomic resonance. When there are no atoms, then the response is linear. As ∆p
changes, the nature of the hysteresis and therefore the region for bistable behavior changes. All
curves are for control power corresponding to Ω/2π =−50 GHz and detuning ∆c = 0

where χ is the susceptibility given by,

χ =
2Ncg2

0(Γ−2i∆p)

|α|2g2
0

[
( Γ

|Ω|)
2 +16+4( ∆c

|Ω|)
2
]
+
(
Γ2 +4∆2

p
) .

The quadratic dependence on α in the denominator turns Eqn. (4.11) into a cubic equation.
The negative sign in front of the third term represents the interaction of cavity field with
atoms, which is lossy due to continuous absorption and spontaneous emission. This lossy part
corresponds to the real part of the susceptibility, χ . The solution of Eqn. (4.11) allows the
existence of 3 steady state values of α for the same η , as shown in figure 4.10.

The part of the solution to Eqn. 4.11 with a negative slope is an unstable solution [90] of the
cubic equation. Experimentally, the system transits from one stable solution to another, therefore
exhibiting bistability in the regime where multiple solutions exist for a given value of η . In
figure 4.10, we have converted the cavity field into power, for comparison with experiments.
This is achieved by multiplying intracavity intensity cε0

2 |α|2
(

h̄ωcv
2V ε0

)
by transmission coefficient

2κrτ and the area of beam A = 6.2×10−2 mm2. Here
√

h̄ωcv
2V ε0

is the proportionality constant

between electric field operator inside the cavity and the operators â and â†, V is the volume of the
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Fig. 4.11 Bistability curves for two different control beam powers with ∆p = 2Γ.

cavity mode and ωcv is cavity resonance frequency. For the calculation, the cavity parameters
are κt/2π = 0.7 MHz corresponding to the finesse of 2350, κr/2π = 78 kHz, τ = 0.305 ns
and Nc = 5×104. The values for atomic transitions are based on the ground states (|1⟩, |2⟩)
correspond to 52S1/2(F = 2,F = 1) and excited states (|3⟩, |4⟩) correspond to 52P3/2(F =

1,F = 2) respectively of 87Rb D2 transition and Γ/2π = 6.06 MHz [91]. Ω/2π =−50 GHz
corresponding to 32 W/m2 intensity of the control beam, g0/2π =−40 kHz. The parameter
values above are fairly representative of our general experimental laboratory conditions [38].
The cavity output power as a function of input power, in the presence of transverse control
light field with Ω/2π =−50 GHz is illustrated in figure 4.10. From the figure, we infer that
as the detuning of probe beam from the atomic resonance increases, the region of bistability
decreases and beyond a point, for large detunings, the system reduces to the one where no
resonant atoms are present in the cavity, and the empty cavity response is obtained. This is
evident from Eqn. (4.11), in the limit of large ∆p.

For large control laser power represented by Ω/2π ≈−50 GHz, 16≫ (Γ/Ω)2 ≥ (∆c/|Ω|)2,
the loss in cavity light becomes largely independent of the probe power as can be inferred from
above condition and Eqn. (4.11). However, for Ω of the order of Γ the loss of cavity light
becomes dependent on control power as seen in figure 4.11). In this range, the intracavity probe
light intensity can be significantly altered by changing the ratio of control intensity to cavity
input intensity Ic/Iin ≈ 10−8. This shows that a very weak transverse intensity of light, under
suitable conditions can control the intracavity light intensity of the probe beam. This regime of
control is available only in the region where the bistability is manifested. When the intracavity
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Fig. 4.12 Hysteresis for the two different control beam powers in figure 4.11, with probe beam
detuning ∆p = 2Γ. The hysteresis shown here is a result of following the change in output as
the input is increased and decreased adiabatically.

intensity is high, and when Ω ≫ Γ we obtain a saturated regime, where adding more power to
probe or control beam does not alter the intra cavity field significantly.

The set of partial differential equations (Eqns. (4.10)) can be solved in a Mathematica
Notebook numerically2, by adiabatically increasing and then decreasing the input power of
probe beam while keeping the power of the control beam at a given value. In this case, the
change in the output power can be followed by tracking the intracavity field α and converting it
into a transmitted output intensity using the cavity κr. The resulting intensity of the transmitted
light exhibits hysteresis as seen in figure 4.12. Here, as the control power is increased, the
hysteresis features moves to higher values of the probe light intensity. The observed hysteresis
is consistent with the steady state solutions that exhibit bistability, and the transmitted light
intensity follows the positive slopes of the bistability solution.

Three level atoms

The three-level atom is easily adapted from the earlier four-level atom by eliminating the
excited state, |4⟩. The probe beam frequencies and detunings remain the same while the control
beam couples |2⟩ ↔ |3⟩, with detuning ∆c = (ω3 −ω2)−ωc. The resulting three-level system
has two ground states and thus is a Λ system. The rate equations can be derived in a manner

2The Mathematica code for this numerical solution can be found at https://goo.gl/mzUzvA. The file name is
"stationary_4level_time dependent_ bistability.nb".

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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analogous to that of Eqns. (4.10), and can be written as,

α̇ =−η −κtα − ig0Ncρ13 (4.12a)

ρ̇13 =−
(
γ13 + i∆p

)
ρ13 + ig0α(ρ33 −ρ11)− iΩρ12 (4.12b)

ρ̇11 =
Γ

2
ρ44 +

Γ

2
ρ33 − ig0(α

∗
ρ13 −αρ

∗
13) (4.12c)

ρ̇33 =−Γρ33 + ig0(α
∗
ρ13 −αρ

∗
13)+ i(Ω∗

ρ23 −Ωρ
∗
23) (4.12d)

ρ̇23 =−(γ23 + i∆c)ρ23 + iΩ(ρ33 −ρ22)− iαg0ρ
∗
12 (4.12e)

ρ̇12 =−
(
γ
′
12 + i[∆c −∆p]

)
ρ12 + iαg0ρ

∗
23 − iΩ∗

ρ13 (4.12f)

ρ̇22 =
Γ

2
ρ33 − i(Ω∗

ρ23 −Ωρ
∗
23), (4.12g)

where γ13 = γ23 =
Γ

2 , and γ ′12 is the collisional dephasing, between the ground states. This is
the general description when the atoms are in motion but still coupled to the cavity mode at all
times. For the three-level scheme, we consider the complete set of evolution equations, unlike
the four-level case. The coherence term between the ground states |1⟩ and |2⟩ plays a role here
due to the common excited state |3⟩. All other notations are the same as those defined alongside
Eqns (4.10), in the four-level case. Similar to the four-level case the steady state equation for α

can be calculated3, yielding an equation in α of the form

−η −κtα − χ̃α = 0, (4.13)

where χ̃ is new susceptibility from atoms given by,

χ̃ =
T1α +T2|α|2α

T3|α|6 +T4|α|4 +T5|α|2 +T6
, (4.14)

which results in a seventh power equation in α , giving rise to interesting consequences. The
corresponding ring cavity analysis [83] also results in a seventh power equation. The values of

3The Mathematica code for this is available at https://goo.gl/mzUzvA. The file name is "station-
ary_3level_steady state hysteresis.nb". This file also contains the code to obtain and plot the data for figure 4.13.

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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Fig. 4.13 Bistability in the case of a three-level system for different values of detuning. Here
|Ω|/2π = 5.15 MHz. Unlike the 4 level system, the bistable curves have two distinct regions of
negative slope in some cases. The four curves illustrate the different cases of probe and control
detuning, as specified in legend.

T1, ...,T6 are,

T1 = 2g2
0Nc|Ω|2

[
Γ(Γ−2i∆p)

(
γ
′2
12 +(∆p −∆c)

2
)
+2Γ|Ω|2(γ ′12 + i∆p − i∆c)

]
T2 = 4g4

0Nc|Ω|2
[
−2γ

′
12(i∆p + i∆c)+Γ(γ ′12 + i∆p − i∆c)

]
T3 = 4Γg6

0

T4 = g4
0
[
Γ

2
γ
′
12 +2Γ∆c(∆p −∆c)+3|Ω|2(Γ+4γ

′
12)
]

T5 = g2
0

[
Γ
(
Γ

2 +4∆
2
c
)(

γ
′2
12 +(∆p −∆c)

2
)

+8|Ω|2
(

Γ
2
γ
′
12 +3Γγ

′2
12 +2Γ(∆p −∆c)

2 + γ
′
12(∆p +∆c)

2
)
+ 12|Ω|4(Γ+4γ

′
12)
]

T6 = Γ|Ω|2
(
Γ

2 +4∆
2
p
)(

γ
′2
12 +(∆p −∆c)

2
)
+4Γ|Ω|6 + |Ω|4[Γ2

γ
′
12 +2Γ∆p(∆c −∆p)].

For a specific case of g0 ≪ Ω,Γ, above solution reduces to the one derived in [92] which does
not result in hysteresis. The seventh power of α in Eqn. (4.14) gives rise to an input-output
relation when the two light frequencies are close to resonance, which is far richer than the case
of the four-level system, within the approximations made. A seventh order cavity field solution
can result in multi-stability and multiple bistabilities as seen in figure 4.13 and figure 4.14.
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Fig. 4.14 Double hysteresis for the case of ∆p = 0, ∆c = 2Γ and |Ω|/2π = 5.15 MHz in
figure 4.13. The increasing and decreasing legend represents the sense of the change in the
input probe power.

When the gas of atoms is dilute and stationary, the assumption γ ′12 → 0 holds and equal
detuning, i.e. ∆p = ∆c implies that χ̃ = 0, resulting in electromagnetically induced transparency
(EIT) [93]. This results in Eqn. (4.13) becoming linear in α because the medium becomes
transparent in steady state and so the transmitted light depends only on cavity loss. Hence there
is no bistability, as has been observed experimentally [94]. For ∆p ̸= ∆c we see bistability, as
shown in figure 4.13. Depending on the system parameters, the nature of the solution can be
altered such that the adiabatic solution of the curve can exhibit multiple bistable behavior. This
is seen in figure 4.13 and figure 4.14.

4.3.2 Open system of atoms

Four level atoms

So far the atoms that have been considered are static, i.e. they do not flow in and out of the
cavity mode, which implies zero temperature. We now consider a situation where the resonant
atoms are swapped in and out of the cavity mode while maintaining the effective number of
atoms within the mode constant with time. Such a system describes the case when the atomic
reservoir is much larger than the volume of the cavity mode and that the atoms move into and
out of the cavity mode, representing an open system of atoms coupled to the cavity. In this
case, the atoms would have a finite temperature to account for their motion. Experimentally
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this is satisfied for the schematic illustrated in figure 4.9. In this work, instead of explicitly
considering an ab-initio velocity distribution for the temperature, we mimic the temperature by
a model which exchanges atoms between the mode and the reservoir at a certain rate, which
is consistent with the vapor cell experiment described in section 4.1. At room temperature,
the population of the Rb atoms is equally split into the two ground states, and we put this in
explicitly in our calculations when we exchange background gas atoms with cavity mode atoms.
For such a system, the steady state behavior of the atom-cavity system remains the same while
the transient response of the four-level atom-cavity system is significantly affected. Below
we formulate the atom-cavity problem by creating a simple exchange model and connect the
switching response of light through the cavity to the vapor cell experiment (4.1).

The principle difference with respect to the stationary atom model is that the state of the
ensemble (density matrix) in the cavity mode changes, as the atoms interacting with the cavity
go out of the cavity mode and background gas atoms are added to the ensemble of atoms inside
the cavity. Consider the case when the flow rate of atoms from the cavity mode is Rf. After
time t the fraction of atoms remaining is e−Rft . When N1 atoms with state ρ1 are mixed with,
N2 atoms with state ρ2, the statistical mixture of both gives density matrix,

ρ =
1

N1 +N2
(N1ρ1 +N2ρ2).

If ρ(t) is the density matrix at time t the density matrix after small time τ ′ is

ρ(t + τ
′) = e−Rfτ

′
ρ(t)+(1− e−Rfτ

′
)ρ0,

where ρ0 is density matrix of external atoms entering the cavity mode. For τ ′ ≪{1/Rf,τ,1/Γ},
e−Rfτ

′ ≈ 1−Rfτ
′ and (1− e−Rfτ

′
)≈ Rfτ

′. Therefore,

ρ(t + τ ′)−ρ(t)
τ ′

=−Rfρ(t)+Rfρ
0

and in the limit τ ′ → 0,
dρ(t)

dt
= Rf[ρ

0 −ρ(t)].

For four-level atoms, the equations are same as Eqns. 4.10 with an addition of the term
Rf(ρ

0
nm −ρnm) on the right-hand side for atomic operators ρnm,∀(n,m). The corresponding set
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of equations with the exchange incorporated are,

α̇ =−η −κtα − ig0Ncρ13 (4.15a)

ρ̇13 =−
(
γ13 + i∆p

)
ρ13 + ig0α(ρ33 −ρ11)+Rf(ρ

0
13 −ρ13) (4.15b)

ρ̇33 =−Γρ33 + ig0(α
∗
ρ13 −αρ

∗
13)+Rf(ρ

0
33 −ρ33) (4.15c)

ρ̇11 =
Γ

2
ρ44 +

Γ

2
ρ33 − ig0(α

∗
ρ13 −αρ

∗
13)+Rf(ρ

0
11 −ρ11) (4.15d)

ρ̇24 =−(γ24 + i∆c)ρ24 + iΩ(ρ44 −ρ22)+Rf(ρ
0
24 −ρ24) (4.15e)

ρ̇44 =−Γρ44 + i(Ω∗
ρ24 −Ωρ

∗
24)+Rf(ρ

0
44 −ρ44) (4.15f)

ρ̇22 =
Γ

2
ρ44 +

Γ

2
ρ33 − i(Ω∗

ρ24 −Ωρ
∗
24)+Rf(ρ

0
22 −ρ22). (4.15g)

For an atom at room temperature, ρ0
44 = ρ0

33 = ρ0
13 = ρ0

24 ≈ 0 and ρ0
22 = ρ0

11 ≈ 0.5. In such a
system of atoms, when control light is off (i.e. Ω = 0), the susceptibility is,

χ =
Ncg2

0RfA(B−2i∆p)

2|α|2g2
0BC+RfA

(
4∆2

p +B2) , (4.16)

where we identify A = Γ+Rf, B = Γ+2Rf and C = Γ+4Rf. Thus the system exhibits bistable
behavior, both with and without the presence of the control beam. Here the saturated sample is
continuously replaced by a thermal sample hence there is a continuous supply of fresh atoms in
ground state |1⟩, which is equivalent to the action of the control beam for the stationary atom
case. For Ω ̸= 0 we get χ = E

F where,

E = g2
0NcA(B−2i∆p)

{
4|Ω|2B2 +RfA

[
4∆

2
c +B2]}

F = 2|α|2g2
0B
{

16|Ω|2B2 +AC
[
4∆

2
c +B2]}

+A
(
4∆

2
p +B2){2|Ω|2BC+RfA

[
4∆

2
c +B2])} .

When the control beam is incident on a small fraction of atoms we see a shift in bistability, as
shown in figure 4.15. At input power of 430 µW, in the case when |Ω|= 0, i.e. when there is
no intersecting transverse beam, the atom-cavity system is on the upper branch of the stability
curve and when |Ω| = 1.76 MHz the stability point exists only on the lower branch of the
stability curve, as seen in figure 4.15. On the lower intensity branch, the output is almost zero.
Hence the above fact can be used for switching on and off the cavity output by turning off
and on the control beam instantaneously. For figure 4.15 parameters different from those used
in the computation of figure 4.10 are κt/2π = 9.36 MHz corresponding to a finesse of 100,
κr/2π = 44.7 kHz, g0/2π = 11.8 kHz, τ = 0.533 ns, Nc = 5×107, ∆p = 10Γ. The fraction of
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Fig. 4.15 Bistability when atoms are flowing in and out of cavity. The two curves correspond to
the condition when the control light is off and on as seen in the legend.

atoms addressed by control beam is 0.025 and Rf/(2π) = 5.5 kHz. Above parameters are close
to the vapor cell experiment (4.1).

The transient behavior of the intracavity intensity, when the control beam is switched on
is obtained by tracking the time evolution of the atomic states in the intersection volume of
the cavity mode and the transverse beam. This is done by first solving the rate equations
numerically (using NDSolve in Mathematica v9.0)4 till the system reaches steady state with
Ω = 0. The second step is to solve the equations again with Ω ̸= 0 with initial conditions same
as the final conditions of the first step. Finally, the third step is to solve the equations again
when the control beam is switched off (Ω = 0) with initial conditions same as the final state
of the second step. The second and third steps correspond to switching on and off the control
beam. The numerical solutions give time evolution of cavity field. The underlying physics is
that the system operating point shifts from the hysteresis solution for the initial condition to that
for the final state. In this process, for parameters which closely relate to the switching regime
in the vapor cell experiment (4.1), we find that the intracavity intensity shifts from the upper
branch of the initial system when Ω = 0 to the lower branch of the final system when Ω = 1.76
MHz. This is the experimentally demonstrated negative logic switching seen in figure 4.2.

For the case when the four-level atoms are static, the transient response time for the
switching is rapid (sub-microsecond), consistent with the analysis of Harshawardhan and
Agarwal [83]. However, introduction of the exchange to mimic the flow of atoms into and out
of the cavity mode keeps readjusting the ground state populations and prevents the intracavity
atoms from rapid optical pumping, resulting in large decay times of the cavity mode as can be

4The Mathematica code for this is available at https://goo.gl/mzUzvA. The file name is "Non-static_4level_rise
and decay times.nb". This file also contains the code to obtain and plot the data for figure 4.16.

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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Fig. 4.16 Time evolution of cavity output power when the cavity input laser is switched by
the control beam. Here control off is |Ω|/2π = 0 and control beam on is |Ω|/2π = 1.76 MHz.
The input power of 430 µW corresponds to the bistability parameter region in figure 4.15. The
sub-ms slow response of the output power is clearly seen. The inset shows the sub-µs response
of the transmitted power, where the left ordinate axis is the power in the control off case and
right axis is the power for the control on. The time axis is in ms. Clearly the short time behavior
is complex.

seen in figure 4.16. The figure shows the time evolution of output power when control beam is
suddenly turned on and off. While there are fast fluctuations in the field values, the envelope
of the intracavity intensity rise and fall times is of the order of 0.2 ms which is of the order
2π/Rf. This behavior is consistent with the long time responses seen in figure 4.5, and the
complex transient behavior prevents the switching times in the experiment from exhibiting
single exponential response.

Two-level atoms with decay loss

The special case of the four-level system, where both the probe and control laser are resonant
with the |1⟩ ↔ |3⟩ transition, constitutes the two-level system that is experimentally relevant.
For such a system, there is a possibility that an atom in |3⟩ decays to the other ground state
|2⟩, but in |2⟩, the atom is no longer optically active and the overall effect of the presence of
the other ground state is that of an optical loss mechanism created by the decay from |3⟩. The
experimental realization of this is simple and it results in a different response of the cavity
transmission. Assuming ∆c = 0, γ ′12 = 0 and all other terms as before, the coupled differential
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equations describing the system are,

α̇ =−η −κtα − ig0Ncρ13 (4.17a)

ρ̇13 =−
(
γ13 + i∆p

)
ρ13 + ig0α(ρ33 −ρ11)+ iΩ̃(ρ33 −ρ11)+Rf(ρ

0
13 −ρ13) (4.17b)

ρ̇33 =−Γρ33 + ig0(α
∗
ρ13 −αρ

∗
13)+ i(Ω̃∗

ρ13 − Ω̃ρ
∗
13)+Rf(ρ

0
33 −ρ33) (4.17c)

ρ̇11 =
Γ

2
ρ33 − ig0(α

∗
ρ13 −αρ

∗
13)− i(Ω̃∗

ρ13 − Ω̃ρ
∗
13)+Rf(ρ

0
11 −ρ11) (4.17d)

ρ̇22 =
Γ

2
ρ33 +Rf(ρ

0
22 −ρ22). (4.17e)

Where, Ω̃ = Ωei(ωp−ωc)t . For the case ωc = ωp, when the intracavity field is enhanced corre-
sponding to positive logic switching described in section 4.1, χ becomes,

χ =
Ncg0RfA(g0 +Ω/α)(B−2i∆p)

2BC|g0α +Ω|2 +RfA
[
4∆2

p +B2] , (4.18)

where A, B and C are defined earlier. Once again there exists a cubic equation in α , which is the
type of solution that supports bistability and hysteresis. Here the equations have been written
with the exchange rate of atoms incorporated. Solving for the same atom-cavity parameters as
used for the four-level open system, we see that in this case, the control beam pumps atoms out
of the cavity light cycle and hence reduce probe loss. The shift in the bistable region of the
output response to lower input intensity, shown in figure 4.17 confirms this. The corresponding
hysteresis plot can be readily imagined, and the positive logic or cavity mode enhancement

òòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòòò
òòòòòòòòòòòòòòòòòòòòòò

òòòòòòòò
òòòò

ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò
ò

ò
ò

ò
ò

ò
ò

ò
ò

ò
ò

ò
ò

ò
ò

ò
ò

ò

ò

ò

ò
ò
ò
ò
ò
ò
ò
ò
ò

ò

ò
ò
ò
ò
òòòòò

ò

��������������������������������������������������������������������������������������������������������������
�����������

�

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

����������������������������������������������

�
�
�

�
�
�

ò
ÈWÈ�2Π = 0

� ÈWÈ�2Π = 1.76 MHz

0 200 400 600 800

0.00

0.01

0.02

0.03

0.04

0.05

0.06

Pin HµWL

P
o
u
t

HµW
L

Fig. 4.17 Bistability for atoms with exchange when control beam is in resonance with levels
|1⟩ and |3⟩, making it a two-level system with loss. Here the fraction of atoms addressed by
control beam is 0.2, all other parameters are same as the values used for figure 4.15
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experiments shown in figure 4.6 follow from the processes described above. Without undue
repetition, we can observe from figure 4.17 that, in a region of input power values of the probe,
the application of the appropriate intensity of control laser can promote the transmission from
low intensity to high intensity in positive switching logic. The transient properties are similar
to that of the four-level case with non-static atoms, as can and should be expected and in line
with the experimental observations.

4.3.3 Discussion

As can be seen from the results above, the division of the problem into a closed and open
atomic ensemble interacting with the cavity mode expresses itself in the transient response of
the controlled intracavity light intensity. The theoretical solutions obtained can be explicitly
tested in experiments since the values for the atomic transitions and fields used in the explicit
solutions are close to the experimental values for Rb. We expect that the generic features of the
results here are independent of the particular atomic system and cavity parameters. We now
discuss the simplifications and extensions of this work to experiments. The 87Rb energy levels
considered in the above calculations are the 5S1/2, F = 1,2 and the 5P3/2, F ′ = 1,2, so that
there are no closed optical transitions in the system. This choice represents the most general
four-level system. In the vapor cell experiment, majority of the experiments were performed by
tuning the lasers to the maxima of the Doppler broadened absorption, and therefore close to
the 5P3/2, F ′ = 3,4. Further, the Doppler spread and the velocity dependent coupling of the
atoms to the cavity in the open system case, which is expected to contribute to the details of the
experimental results, has not been considered in the model. While the effort has been to keep
the agreement between theoretical parameters and experiment as close as possible, significant
departures between the analysis in this article and the experimental realization discussed in
section 4.1 exist. Therefore while qualitative agreement can be expected between the theory
here and the vapor cell experiment (4.1), the present work does not attempt to provide detailed
quantitative agreement.

Closed system of atoms

A viable candidate for a closed system of atoms can be a cold atom ensemble that is contained
within the mode volume of the cavity as illustrated in the figure 4.18. For such a system, using
state prepared atoms, a number of situations with four, three and two-level atomic systems
can be studied, with a small number of atoms present in the cavity mode. The simulations
for this case above have been done with Nc = 5×104 atoms and the lasers plus the detection
technologies required are readily available. In all cases with the closed system, resonant light
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Input Transmitted
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Detector

Fig. 4.18 Schematic diagram for closed system of atoms. The black spot can represent an
ensemble of laser cooled and trapped atoms or ions, or atoms in a dipole trap.

in the cavity mode will lead to optical pumping into the alternate ground state and lead the
system into transparency. Therefore to control the intracavity light field, it is essential to have a
non-zero transverse field which allows the atom to interact with the cavity field.

When weak control light is incident on the atoms connecting an excited state with the
former dark ground state, the optical pumping effects are reversed, and a simultaneous non-
zero population of both ground states manifests. In a specific range of system parameters
which depend on the detunings and intensities of the two fields, steady state bistability of the
transmitted light intensity is observed. This can be used to control the transmitted light intensity
through the cavity and in the limit of weak fields and small atom numbers can be used as a
very sensitive all-optical switch. The choice of doing this with either the four-level atom or the
three-level atom exists.

Due to negligible Doppler broadening for laser-cooled atoms, the three-level system is
practically realizable. The solution for this system is particularly rich, as seen in 4.3.1 . As
the relative detunings are altered, complex output to input intensity dependencies show up,
resulting in multiple bistabilities in some cases. The parameter space for observation of
multiple bistabilities needs careful adjustment of intensity and detunings, an example of this
is seen in figure 4.13 and figure 4.14. It might be possible to exploit the multiple bistabilities
regime for a 2+-level all-optical switch, where instead of just the turning on and off of the
cavity field, intermediate, stable intracavity light intensities are possible. This would open
up new possibilities for the precise control of the degree of atom-cavity field interaction, by
manipulation of the control light field.

The transient response of the intracavity light field for the closed system depends on the
atom-cavity coupling, the reflectivity of the cavity mirrors and the cavity mode volume. The
transient response, in this case, is of the order of a microsecond (Fig 4.19), for both the rise and
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Fig. 4.19 Fast Switching times for closed 4 level system. Here control off is |Ω|/2π = 0 and
control beam on is |Ω|/2π = 31 MHz. The input power of 1 µW corresponds to the lower
part of the second bistability curve in figure 4.11 when control is on and the no atoms curve in
figure 4.10 when control is off.

fall times of the intracavity intensity, when solved for the experimental parameters of Ray et.
al. [38]. A significant fraction of the physics discussed here is possible in our experimental
setup with cold atoms in the cavity [38]. While a cold atom ensemble also has its losses and
flows, our ability to state prepare the system allows it to be used partially in the manner treated
in the present manuscript.

Open system of atoms

When the atoms from the reservoir move in and out of the cavity mode volume, the atomic
subsystem is open. How the exchange of atoms affects the experimental measurement can
be studied with a vapor cell placed inside a cavity, which is much larger than the mode
volume. The cell can be placed in either a ring cavity [77, 94] or a standing wave Fabry-Pérot
cavity [12, 92, 95], as discussed here.

In this system, we have a significantly larger number of atoms in the cavity mode at any
given time, consistent with the vapor pressure at room temperature. In addition, the cavity
decay rates for photons are much higher since the cavity has very high losses, i.e. κt is very
high. Further, the atom-cavity coupling g is much lower in this case than that for the cold
atoms.
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Fig. 4.20 Rise and decay of transmitted intensity when cavity laser is switched on and off
respectively. The input power of 300 µW corresponds to the lower branch of hysteresis curve
in figure 4.15 with Ω = 0.

Of the many connections that the model makes with the vapor cell experiment (4.1), a key
one is in the understanding of the long rise time (≈ 0.2 ms) for the cavity field, when resonant
probe light is suddenly switched on, in the absence of control beam. This long rise time is due
to the inclusion of atom flow in and out from the cavity mode volume, as seen in figure 4.20.
If the flow of atoms is not incorporated, then the field buildup in the cavity is two orders of
magnitude faster (2 µs). When the probe field is physically switched off, the decay of the
cavity field is very rapid. Both the rise and the decay of the resonant probe field is shown in
figure 4.20. In both the rise and decay, fast oscillations are seen in the time evolution. From
this, it is clear that the transient response of the resonant atom-cavity system is critically altered
by the movement of atoms in and out of the cavity mode. The constant Rf for the calculations is
extracted from the vapor cell experiment (4.1) and then introduced into the evolution equations
for the atom-field system to obtain the results reported here.

For the open system, even when the control beam is off, the atom-cavity bistability is
observed similar to the experimental observations shown in figure 4.2. This is due to the
continuous flow of ground state atoms in the cavity mode volume, which has the effect of
continuously maintaining the atomic population in both atomic ground states. The effect of
the control beam is that the particular value of input light intensity, where the cavity field
solution becomes bistable shifts, (a) to higher input light power values, when the control is on
the complementary transition (full four-level system), and (b) to lower light input powers when
the control is on the same transition as the probe (two-level system with decay).

The observation that for high intracavity intensity of the probe light, even relatively large
intensities of the control light is unable to switch the probe transmission off, is explained by
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the intracavity intensity jumping between the upper branches of the hysteresis curve, resulting
in small changes in the intracavity intensity, and therefore the transmitted light intensity. It
is, therefore, clear that the switching of the cavity light intensity as described in section 4.1
is possible only in a window of parameter space, which can be calculated using the methods
described here.

A particularly challenging problem posed by the experiment (4.1) was a large time constant
for the decay of the cavity mode intensity when the control beam is switched on, in the negative
logic case. The measured time constant was ≈ 0.5 ms. This was explained by invoking the
exchange of thermal atoms between the cavity mode and the thermal reservoir. From the
analysis here we find that the decay time for the cavity field on transverse switching, for the
open system as shown in figures 4.16 and 4.20 is in agreement with the experimental result
shown in figures 4.5 and 4.6. This large decay time reduces by orders of magnitude (0.6 µs)
for the closed system as seen in figure 4.19.

4.4 Nonlinearity in VRS
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Fig. 4.21 Change in VRS when probe power is increased. The output power in each case
is normalized with respect to the maximum of empty cavity transmission of the probe. The
parameters used here are, κt/2π = 2.5 MHz corresponding to finesse of 656, κr/2π = 78 kHz,
g/2π = 201 kHz, Nc = 5×104, and ωcv = ωa.

In section 4.2 we derived a linear equation for cavity field assuming the probe intensity is so
small that the atoms remain mostly in ground state. The result of the analysis was the emergence
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of splitting in cavity transmission called vacuum Rabi splitting (VRS) when detuning of the
probe light was scanned. In contrast, we dealt with nonlinear equations for the intracavity
field in section 4.3 which resulted in the phenomenon of bistability when input probe power
was scanned. In this section, we extend our calculations to explore nonlinearity in VRS for a
system of two-level atoms and Fabry-Pérot cavity. Solving Eqn. 4.8 fully in steady state we get
susceptibility,

χ =
2g2

0Nc(2i∆pa +Γ)

8|α|2g2
0 +Γ2 +4∆2

pa
. (4.19)

Combining this equation with Eqn. 4.11 gives a cubic equation for α giving more than one
solution for same ∆p similar to the case of bistability in section 4.3. As can be seen in figure 4.21
the transmission of probe beam shows bistable behavior for high powers of the probe beam. For
extremely high power (greater than 100 µW) of the probe beam, the atoms become saturated,
and the probe transmission approaches empty cavity transmission. Such of behavior was first
observed by Gripp et.al. [96, 97] and was recently used to demonstrate fast optical switching
by Dutta et.al. [14].
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Fig. 4.22 Average intracavity photon number for the case of single atom in the cavity when the
detuning of the probe is changed using full quantum calculation. (a) Shows normal VRS for
η = 0.1 MHz. (b) Extra peaks start to appear corresponding to multi-photon absorptions when
probe strength is increased to η = 1.5 MHz. Other parameters used here are, κt/2π = 0.5
MHz, Γ/2π = 0.5 MHz, g/2π = 2 MHz, and ωcv = ωa. The computation for this graph was
done using QuTiP [98], a Quantum toolbox in Python programming language
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There are two reasons for such behavior, first is the saturating effects of the cavity light and
second is multi-photon absorption to the higher energy collective eigenstate of the atom-cavity
system. Such multi-photon resonances appear when we perform a full quantum calculation
as opposed to the semiclassical calculations in above sections which blur the discreetness of
photons. We performed such computation for a single two-level atom, results of which are
shown in figure 4.22. Such computations are feasible for only systems with small Hilbert space
(few atoms and few photons) hence we use single atom as opposed to a multi-atom scenario
of previous calculations. The observations [99–101] of multiple peaks from figure 4.22 (b)
is considered to be a feature of atom-cavity interaction which can only be explained through
quantization of cavity field and hence is direct evidence for field quantization.

4.5 Conclusions

In this chapter, we studied the atom-cavity system’s ability to transmit resonant light in detail.
The solutions for 4-level, 3-level, and 2-level atoms were solved for realistic atom-cavity
parameters. The solutions were constructed for the case when the atoms are stationary in the
cavity mode and generalized to the case when the atoms are exchanged with a reservoir. It is
shown that the motion of the atoms is reflected in the transient properties of the transmitted
light through the cavity. All the key features of the vapor cell experiment (4.1) are qualitatively
understood on the basis of the theoretical analysis here. The possibility of adapting these
systems for the study of multiple-bistability, multistability and with cold atom ensembles are
exciting prospects for the future experiments. In addition, we extended our calculations for the
atom-cavity system to study nonlinearity in frequency space.





Chapter 5

Lasing by driven atoms coupled to a
cavity

We now discuss the interaction of fluorescing and continuously driven MOT atoms with the
cavity mode. Cooled and trapped atoms are spatially localized, natural linewidth limited and
have high local densities, which allows spectral and spatial overlap with cavity modes. When a
large number of these atoms are contained within the cavity mode volume, and the atom-cavity
system is brought into resonance, collective strong coupling of atoms and light alters the
transmission properties of resonant probe light through the cavity [102, 35, 103, 104, 38, 12,
13, 39]. This manifests in a change from a single transmission peak per spatial electromagnetic
(EM) mode with a Lorentzian lineshape for an empty cavity, to zero transmission of the probe
on atomic resonance. Further scanning the probe light around the atomic transition, symmetric
red and blue detuned transmission peaks are observed as discussed in section 4.2. The atom
numbers in the present experiment are such that the collective strong coupling regime of
atom-cavity mode interaction is accessible. We then pose the question, what is the effect
of externally driven atoms on the coupled atom-cavity system? The answer is surprisingly
different from the non-driven system. On scanning the cavity length, the system now emits light
out of the cavity at red and blue detuning of the cavity with respect to the atomic resonance
frequency. Evidence of lasing for the red detuning is obtained from the series of experiments
discussed below. The lasing here is not due to population inversion in the gain medium but
due to multiphoton processes as discussed in section 5.3. The lasing is seeded by spontaneous
emission from the driven atoms and not by an external seed/probe laser. When this system
is probed with a probe laser coupled to the cavity, Fano-like resonances and line narrowing
are seen for the probe, which is much narrower than all the line widths that are natural to the
system. All the observations put together provide irrefutable evidence of lasing by the driven
atom-cavity system.
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In recent times, understanding lasing with different gain mechanisms [105, 86, 106–
110, 79, 111, 112] has accelerated. For example, one such process relies on quantum inter-
ference between probability amplitudes in multilevel atoms and does not require population
inversion [105, 86]. Raman processes between different hyperfine levels and its sublevels [106–
108], and levels involving external degrees of freedom [109, 110] have been exploited as gain
mechanisms. Lasing from just a single atom [79] considerably enhanced our understanding of
lasing action at the microscopic level. Much progress in understanding the role of collective
effects on lasing [110–112] has been made. William et.al [108] showed lasing using three
different gain mechanisms, Mollow gain, Raman transition between Zeeman sublevels and
gain due to four-wave mixing, all of which were achieved with the same gain medium. Raman
transition between Zeeman sublevels as gain was used by the same group to demonstrate ran-
dom laser without any cavity and seed laser [113]. In the experiments here we demonstrate that
continuous lasing seeded by spontaneous emission from the driven, non-inverted population of
atoms in the cavity mode is possible and robust under reasonable experimental conditions. The
gain mechanism for the lasing action is a result of multi-photon scattering [114, 16]. However,
unlike previous work [108, 16], we observe lasing action even when the cavity is not driven by
a seed laser. Lezama et.al [115] have earlier seen lasing in an atomic beam experiment, in a
regime where atom-cavity coupling was very small for any co-operative effect to manifest.

5.1 The experiment

MOT Beams

Atomic Ensemble

Cavity MirrorsCavity mode

Piezo

CBS
CCD

PMT

Fluorescence

Fig. 5.1 Experimental schematics. 85Rb atoms are cooled by the six red MOT beams and
trapped with the help of magnetic gradient. The center of MOT beams and center of the cavity
formed by the two mirrors overlap. PMT - Photomultiplier tube, CBS - Common beam splitter,
CCD- Charge-coupled device camera.
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The experimental schematic is as shown in the Fig. 5.1, 85Rb atoms are cooled and trapped in a
Magnet-optical trap (MOT). The center of the MOT and center of the enclosing Fabry-Pérot
cavity are overlapped [116, 38]. The atomic ensemble is constantly illuminated by the six
MOT light beams of 10 mm diameter and frequency red detuned by 13 MHz from the atomic
transition (3-4′ transition of D2 line [91]). The magnetic field gradient of the MOT is 22 G/cm.
No probe light is incident on the cavity mirrors apart from the experiments reported in Figs. 5.7
and 5.8. The atom-cavity is in collective strong coupling regime, i.e., g0

√
Nc > Γ,κt [103, 117].

Here g0/2π = 201 kHz is maximum single atom coupling strength, Γ/2π = 6.06 MHz is
atomic exited state decay rate, 2κt/2π = 9.5±0.1 MHz is cavity full width at half maximum
(FWHM), and Nc is an effective number of atoms coupled to the cavity which can be computed
using overlap integral of the cavity mode and the observed atomic density profile as discussed
in section 4.2. The free spectral range of the cavity is 3.28 GHz, the waist size of TEM00

cavity mode is 78 µm, and the spacing between the TEM modes is 180 MHz. Using an annular
piezoelectric transducer (PZT) attached to one cavity mirror, the length of the cavity and hence
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Fig. 5.2 Change in emission from the cavity when the atom number coupled to the cavity
is varied. Total intensity of all cooling laser beams is 36 mW/cm2 for all the measurements.
∆ca = ωcv −ωa is detuning of empty cavity resonance from atomic transition and n̄ is average
intracavity photon number.
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its resonance frequency (ωcv) can be tuned. On scanning ωcv around the atomic transition,
with frequency ωa (3-4′ transition of D2 line [91], which is also the cooling transition for the
MOT), two peaks are observed in cavity emission. The cavity emission is monitored using
a Photo Multiplier Tube (PMT) and a CCD camera. One peak is red detuned, and the other
peak is formed blue detuned to the atomic transition at ωa as shown in Fig. 5.2. The power
of light coming out of the cavity measured in the PMT is converted to the average number
of photons in the cavity, n̄ by the expression, n̄ = Pout

2h̄ωcvκr
, where Pout is the power of light out

of the cavity, ωcv/(2π) is the frequency of cavity resonance, and 2κr/(2π) is the measured
rate of transmission from one of the cavity mirror (the method to measure κr is given in
subsection 2.3.4). Both these peaks show TEM00 spatial mode structure imaged in the camera,
i.e., the cavity output has Gaussian intensity profile. Other spatial modes also show similar
two peaked behavior. The peak heights and frequencies of both the peaks depend on Nc and
power in the MOT beams. The red detuned peak is only visible above a critical number of
atoms (Nc ∼ 20×103) and grows rapidly to dominate the blue detuned peak for atom number
Nc ∼ 27×103 as seen from the Fig. 5.3(b). In addition, from Fig. 5.2 the peaks are seen to
broaden as Nc increases. It should be noted that the width of the red detuned peak is narrower
than the blue detuned peak in all the measurements. The dependence of the peak separation
as a function of Nc, when the cavity length is scanned across the atom-cavity resonances is
illustrated in Fig. 5.3(a). The blue dots show corresponding vacuum Rabi splitting (VRS)
calculated for the same number of atoms and cavity parameters when the cavity is on the
atomic resonance, and external weak probe light scans the atom-cavity system. From this close

(a) (b)

Fig. 5.3 (a) Red dots with error bars show the change in peak separation of the cavity emission
with Nc. Blue empty squares are corresponding calculated VRS (2g0

√
Nc) values. ∆BR/(2π) -

The frequency separation between the maximum of red and blue detuned peaks (b) Variation in
the height of red and blue detuned peaks. In the range of measurement, the red peak shows
a threshold behavior with atom number whereas the blue peak does not. n̄max - Maximum
intracavity photon number for the red and blue detuned peaks. Total intensity of all cooling
laser beams is 36 mW/cm2 for all the measurements.
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Fig. 5.4 Change in emission from the cavity when total intensity of MOT laser is varied.
Intensities and atoms coupled (Nc) are (a) 22 mW/cm2 and (35±1)×103, (b) 30 mW/cm2 and
(33±1)×103, (c) 36 mW/cm2 and (29±1)×103, (d) 45 mW/cm2 and (24±1)×103, (e) 60
mW/cm2 and (21±1)×103, (f) 75 mW/cm2 and (23±1)×103 respectively.

agreement between the measured frequency split and the VRS calculation we can see that the
observed split depends on g0

√
Nc, similar to VRS, and hence we conclude that the observed

splitting and the atom-cavity collective strong coupling are very closely related. However, this
is the case only beyond a certain atom number in the cavity mode. Below a critical value of Nc,
the red-detuned peak disappears while the blue detuned peak persists, as seen in Fig. 5.3(b).
Here a clear threshold is seen in the measured heights of the red detuned peak, while the blue
detuned peak shows no threshold over the measurement range. It is also evident from Fig. 5.3(a)
and Fig. 5.3(b) that the agreement with the VRS calculation starts degrading at the larger values
of Nc, which coincides with the tendency towards saturation of the red detuned peak height.
The intensity of the MOT beams for these measurements was 36 mW/cm2. The atom number is
varied by changing the pressure of background atoms from which the ultracold atoms are loaded
by laser cooling using the MOT beams. This is done by changing the intensity of deep blue
LED’s mounted on the vacuum system. Blue wavelengths are very efficient at desorbing alkali
atoms from the glass viewports and result in changes in vapor pressure. The detuning ∆ca/(2π)

is calibrated by monitoring the transmission of a laser beam which is frequency stabilized to
the atomic transition through the cavity. For this, the scanning parameters are kept the same
and there are no atoms in the cavity. The calibration between the voltage applied to the PZT
and shift in frequency of the cavity resonance which is scanned is achieved by measuring the
spectrum of a frequency stabilized laser with 20 MHz sidebands using the experimental cavity
scan.
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Given the qualitative difference in the nature of the red and blue detuned peaks, and the
fact that the red detuned peak shows threshold behavior, indicative of lasing it is important to
determine the effect of driving the MOT atoms deeper into saturation on the two peaks. For
very low power the red detuned peak vanishes and when the power in MOT laser is high the
blue detuned peak vanishes as can be seen in Fig. 5.4. Increasing the power increases total
atom number but also increases the spatial size of the atomic cloud in MOT. The increase in
size is attributed to an increase in temperature of the MOT atoms [118–120]. The increase in
size lowers Nc, and as fewer atoms overlap the cavity mode, the rate of fluorescence into the
cavity decreases reducing the size of the blue detuned peak. Lower number of Nc should also
result in reduction of red detuned peak according to Fig. 5.3(b). However, when the atoms are
driven harder two factors play a role in higher amplitude of red detuned peak, (a) the relative
fluorescence into the Mollow sidebands of the fluorescence spectrum increases (see Fig. A.2
of Appendix A) and (b) the rate of stimulated emission for red detuned peak increases as will
be clear in the section which discusses the gain mechanism for lasing in red detuned peak.
However, once the lasing starts to saturate, the effects of the increase in the size of atomic cloud
and reduction in Nc lead to a reduction in amplitude of red detuned peak as can be seen from
Figs. 5.4(e) and 5.4(f). This provides experimental evidence of crucial differences between the
blue and red detuned emission peaks.

5.2 Signatures of lasing

The threshold behavior seen only in the red detuned peak in Fig. 5.3(b) is suggestive of lasing
in this driven atomic system coupled to the cavity mode. In lasing one mode experiences large
gain compared to others as stimulated emission ensures that the dominant mode wins. As
a check for lasing by the atom-cavity system, we check for purity of the state of light that
comes out of the cavity. The first check is for the polarization state of the cavity emitted light
using a polarizer (Thorlabs LPNIRE100-B) with variable polarization angle in between the
cavity mirror and the PMT. Fig. 5.5(a) shows the change in peak height of both red and blue
detuned peaks as the polarization angle is changed. The polarization of the red detuned peak
is considerably purer than that of the blue detuned peak. From the fits to data, the visibility
for the red detuned peak is around 95 % and for the blue detuned peak is around 43 %. The
small systematic change in amplitude with polarizer angle is due to the slight decrease in atom
number as the measurement progressed. In addition, Fig. 5.5(b) shows that the shape of the
blue detuned peak depends on polarizer angle. The peak and the wings of the blue detuned
peak show different polarizations. This shows that the light out of the cavity for the red peak
is strongly polarized and indicative of a single cavity mode present. On the other hand, the
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(a) (b)

Fig. 5.5 (a) Polarization diagnosis of the light coming out of the cavity. Blue filled triangles
denote the height of the blue detuned peak, and red empty circles denote the height of the red
detuned peak. Red dashed and blue dashed are peak values when we don’t have a polarizer in
the cavity output path multiplied by transmission coefficient of the polarizer. The smooth curves
are obtained by fitting cosine function multiplied by a linear function,

(
a+bcos [ π

180x]
)
(1− cx).

The linear function is used to correct for the systematic effect of atom number decrease during
long measurements. Cavity output profile for different polarizer angles, (b) no polarizer (c) 0
degrees (d) 40 degrees (e) 90 degrees. Here, the total intensity of MOT cooling laser beams is
36 mW/cm2 and Nc = (26±1)×103 for all the measurements.

blue detuned peak has multiple polarization states in coexistence, which is indicative of no
mode competition and therefore is detected as a mixture of several simultaneously existing
polarization states. The consistent explanation for this is that the light out of the cavity for
the red peak is lasing. All the data mentioned above was for TEM00 spatial mode as there
are no nearby spatial modes within the cavity linewidth which will compete with the TEM00

spatial mode, the only competition is between the polarization states of the spatial mode. The
existence of single spatial mode is verified by imaging the spatial mode of light emitted by
the cavity. However, for higher spatial modes there is competition between the cylindrical and
rectangular modes which are nearly degenerate as can be seen explicitly from Fig. 5.6. Again,
similar to the polarization states, a single dominant spatial mode is observed for the red detuned
peak while the blue detuned cavity emission peak shows multiple spatial modes of similar
intensities. Experimentally, the purity of polarization and the spatial mode is strong evidence in
support of lasing in the case of the red detuned peak. The sharp threshold for the red detuned
peak and the rapid increase in peak height as the atom number is increased is characteristic of
lasing behavior arising due to non-linear response with an increase in gain [15].

To determine the frequency at which the gain occurs, we pass a probe beam through the
cavity and monitor the transmission. Fig. 5.7(a) shows the transmitted intensity when the
frequency of the probe beam is scanned while keeping the cavity detuning fixed on the red
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TEM01 TEM10

Fig. 5.6 Modes of the cavity as seen on a CCD camera at various detunings of the cavity.
Letters (a)-(h) are for TEM01 mode, and (i)-(n) are for TEM10 mode. (o) Shows an instance
of TEM00 mode. Here, the power of MOT cooling laser is 36 mW/cm2, and for TEM00 mode
Nc = (33±1)×103, it will be lower for higher order modes.

detuned peak of the last panel in Fig. 5.2(a). The blue trace represents the output with MOT
atoms, and the red trace is the output when there are no atoms in MOT (the magnetic field of
the MOT is switched off). As is evident from the differences in the transmission in Fig. 5.7,
the probe beam experiences gain which is more than the total losses when interacting with
atoms inside the cavity. The shift between blue and the red curve is due to lasing without
any probe laser as we make sure that the cavity detuning is fixed on the red peak of the
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last panel in Fig. 5.2(a). In addition to gain, the blue trace also shows a Fano-like profile
indicating interference between two or multiple probability amplitudes for emission [121]
which suppresses the lasing action. Fig. 5.7(b) shows line narrowing even in the absence of
Fano profile 5.5 MHz red of the red detuned peak of the last panel in Fig. 5.2(a). A similar
experiment on the blue detuned peak attenuates and shows a tendency to broaden the transmitted
light.

(a) (b)

Fig. 5.7 The blue trace shows cavity probe transmission when driven atoms are present in the
cavity, and the broken red trace is probe transmission curve without atoms. (a) This figure
shows a gain and Fano-type structure in the presence of atoms. The cavity length is such that
we are near the top of the red detuned peak of Fig. 5.2(e). We can see a gain in the probe
at around 33 MHz. The blue curve in the background is fit to the sum of a Lorentzian and a
inverted Lorentzian both of FWHM 4.5 MHz, and the red dashed curve for the empty cavity is
a Lorentzian with FWHM of 9.5 MHz. (b) This figure shows line narrowing and gain without
the Fano structure when the cavity is slightly red of the red detuned peak of Fig. 5.2(e). A
Lorentzian fit to the blue trace gives FWHM of 3.3 MHz and is shown as the blue curve. Here,
the total intensity of MOT cooling laser beams is 36 mW/cm2 and Nc = (33±1)×103 for all
the measurements.

5.3 Gain mechanism and collective strong coupling

The phenomenon of gain in probe beam when two-level atoms are strongly driven by another
drive laser is well known. B. R. Mollow was first to predict such gain mechanism [122] using
semi-classical arguments and phenomenologically including atomic decay rates. Haroche
et.al [123] reported similar calculations in the same year. This was later observed in an experi-
ment with sodium beam by Wu et.al [16]. Grynberg et.al [114] later proposed a microscopic
description for gain in the above experiments and calculated the cross-section of various relevant
multiphoton processes using perturbation theory. For this, they analyzed processes involving
spontaneous emission of one and two photons. For the parameters they considered, out of
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all the photon scattering processes in which only one photon is spontaneously emitted, the
scattering processes leading to absorption of the probe photon dominates. Hence, single photon
emission processes always lead to net absorption of the probe photon. They then showed that
processes resonant in dressed state picture which involve spontaneous emission of two photons
result in both absorption and amplification of the probe beam (see Fig. A.3 of Appendix A
for diagrammatic representation of the processes.). However, these have equal cross-sections
and hence cancel out. This balance is changed by interference between resonant and non-
resonant absorption probability amplitudes involving emission of two spontaneous emission
photons. This interference leads to a term in the cross section for absorption proportional
to |Ω|4(ωd −ωp)/∆3

da, where ωp/(2π) is frequency of the probe laser, ωd/(2π) is frequency
of the drive laser, ∆da = (ωd −ωa) is detuning of drive laser from the atomic transition, and
2Ω/(2π) is Rabi frequency of the drive laser. For ∆da(ωd −ωp)< 0 this interference term will
have a negative sign and hence will reduce the absorption cross section for the probe photon.
In this case, the non-resonant processes leading to probe photon amplification were negligible
compared to non-resonant processes leading to probe photon absorption hence was neglected
resulting in no change in the amplification cross section. This decrease in absorption for a probe
photon can lead to net amplification which is the source of gain in such systems. Additionally,
this reduction in absorption is proportional to |Ω|4, i.e. ∝ I2

d , where Id is the intensity of the
drive beam, which explains the rapid increase in red detuned peak in Fig. 5.4. The mechanism
for the gain in our experiment is similar to the description of Grynberg et.al [114], with the
additional consideration that the cavity-atom collective strong coupling regime introduces
certain differences discussed below.

In the regime defined by collective strong coupling, weak probe transmission through the
cavity is split into two peaks when resonant atoms are present in the cavity due to VRS [102,
103, 117, 104]. Fig. 5.8(a) is a measurement of such a split for which the MOT lasers were
switched off, and all the atoms were in the ground state [38]. Here, if the cavity resonance
frequency is matched with the atomic frequency we see symmetric splitting on the red and
the blue side of the atomic resonance. However, if the cavity resonance is blue (red) detuned
with respect to the atomic frequency the blue (red) detuned VRS peak is bigger than red
(blue) detuned one [117] and blue (red) peak shifts away (towards) from atomic frequency.
However, when the drive laser with a frequency different from atomic transition is switched on,
symmetry is broken because of unequal gain and loss. Fig. 5.8(b,c,d) shows such a scenario. For
Fig. 5.8(b), when the MOT drive lasers are present, the frequency spectrum remains unchanged,
but the heights are completely different, indicating an unequal total loss. The drive (MOT
cooling laser) is to the red side of atomic frequency. For Fig. 5.8(c) even though the cavity
resonance is set to the blue of the atomic resonance, the red detuned peak is dominant. In the
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absence of drive laser, the height of blue detuned peak would have increased, and the height of
red detuned peak would have diminished. However, due to Mollow gain in the the red detuned
probe and Mollow loss in the blue detuned probe in the presence of the red detuned drive we
see the opposite in Fig. 5.8(c) with respect to what is expected in the case when the atoms are
not optically driven. Equal height for the two peaks is obtained when the cavity resonance is 8
MHz detuned towards blue of atomic frequency as shown in Fig. 5.8(d). In addition to this,
there also seems to be gain around -13 MHz which is the drive frequency. This is because of
coherent energy exchange between drive and cavity. The observations mentioned above are
compared with the results of a semi-classical theory in the discussion section.

(a) (b)

(c) (d)

Fig. 5.8 Probe transmission spectra when atoms are present inside the cavity. (a) Without MOT
laser and cavity freq same as atomic. (b) With MOT laser and cavity freq. same as atomic freq.
(c) With MOT laser and cavity freq. towards blue of atomic freq. (d) With MOT laser and
cavity freq. more towards blue of atomic freq to make the heights of the peak same. For (a)-(d)
Nc = (25±1)×103 and power in MOT laser is 36 mW/cm2

In addition to gain in the probe, we also observe lasing without any seeding (no probe
light). This is because of the coupling of light into the cavity by the fluorescing atoms. B. R.
Mollow was first to calculate the fluorescence spectrum of a two level atom driven by a strong
monochromatic laser [124]. Such a spectrum can be computed from fluctuations of atomic
coherence [55]. The details of this computation are given in Appendix A, and the results are
shown in the Fig. A.1 of Appendix A. There is some light at ∼ 30 MHz red of the atomic
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transition. This resonance fluorescence provides the seed which is then amplified by the driven
atoms.

5.4 Theoretical Model for gain in probe light

The interpretation of the observed gain rests on the theoretical work of B. R. Mollow [122]
and Grynberg et.al [114] which was for a free-space probe beam and hence their theoretical
modeling did not include a cavity. Additionally, Grynberg et.al [114] in their full quantum
calculations assumed 4|Ω/∆da|2 ≪ 1 in order to perform the calculations using perturbation
theory. In our experiment, 4|Ω/∆da|2 ∼ 1 hence the perturbation approach is not possible, and
a full quantum calculation is very challenging. Hence, in order to quantitatively compare our
experiment with a theory, we modeled our experimental system using the semi-classical theory
of light-matter interactions adapted from the calculations of B. R. Mollow [122]. The model
contains all the essential elements required to show gain consistent with the experimental
observations. We consider 2-level atoms coupled to one of the modes of a Fabry-Pérot cavity,
which is probed by a monochromatic laser of frequency ωp/(2π) and the atoms are driven by a
single drive laser with frequency ωd/(2π). The probe and drive light fields are assumed to be
classical. The Hamiltonian for a system of driven N two-level atoms interacting with a cavity
driven by a probe laser can be written as [55, 86, 87],

Ĥ = h̄ωcv â†â+ h̄
{

η
∗âe−iωpt +η â†eiωpt

}
+

N

∑
j=1

h̄
{

ωa

2
σ̂

z
j +g j

(
â†

σ̂
−
j + âσ̂

+
j

)}
+

N

∑
j=1

h̄
{

Ω
∗
σ̂
−
j eiωdt +Ωσ̂

+
j e−iωdt

}
. (5.1)

Where, the various quantities are defined in section 4.2.

Rate equations

The evolution equation for the expectation value for an operator X̂ can be evaluated using the
Heisenberg equation 4.1. In addition to this unitary evolution, we introduce non-unitary decay
rates κt and Γ phenomenologically for cavity field and atoms respectively. This approach is
similar to the one taken by B. R. Mollow [122]. For the calculation here, the cavity field is
assumed to be classical and is denoted by a coherent state |α⟩. Eqn. 4.1 for system variables
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give,

dα(t)
dt

=−κtα(t)− iωcvα(t)− i
N

∑
j=1

g jρ j(t)−ηe−iωpt (5.2a)

dρ j(t)
dt

=−
{

Γ

2
+ iωa

}
ρ j(t)+ i(g jα(t)+Ωe−iωdt)(2ρe, j(t)−1)

dρe, j(t)
dt

=−Γρe, j(t)+ i
{
(g jα

∗(t)+Ω
∗eiωdt)ρ j(t)− (g jα(t)+Ωe−iωdt)ρ∗

j (t)
}

(5.2b)

where ρ j =
〈

σ
−
j

〉
is coherence of the jth atom, α = ⟨â⟩ is field amplitude inside the cavity and

ρe, j =
〈
σe, j
〉

is excited state population.
As multiple frequencies are involved, we transform the time-dependent equations (5.2)

into Fourier space. For the cavity field and atomic coherences the Fourier transforms are,
α(t) =

∫
∞

−∞
α̃(ω)e−iωtdω and ρ j(t) =

∫
∞

−∞
ρ̃ j(ω)e−iωtdω respectively. As ρe, j(t) is always

real, its Fourier transform takes the form, ρe, j(t) =
∫

∞

−∞
1
2(ρ̃e, j(ω)e−iωt + ρ̃∗

e, j(ω)eiωt)dω with
the relation ρ̃∗

e, j(−ω) = ρ̃e, j(ω). This relation can be verified by replacing ω with −ω in
Fourier relation of ρe, j(t). The inverse transforms are, α̃(ω) =

∫
∞

−∞
α(t)e−iωtdt, ρ̃ j(ω) =∫

∞

−∞
ρ j(t)eiωtdt. ρ̃e, j(ω) =

∫
∞

−∞
ρe, j(t)eiωtdt and ρ̃∗

e, j(ω) =
∫

∞

−∞
ρe, j(t)e−iωtdt. To transform

Eqns. 5.2 into Fourier space we multiply Eqn. (5.2a) and Eqn. (5.2b) by eiωt , and multiply
Eqn. (5.2c) by e−iωt . Integrating w.r.t time,

∫
∞

−∞
dt gives a set of equations,

−iωα̃(ω) =−κtα̃(ω)− iωcvα̃(ω)− i
N

∑
j=1

g jρ̃ j(ω)−ηδ (ω −ωp) (5.3a)

−iωρ̃ j(ω) =−
{

Γ

2
+ iωa

}
ρ̃ j(ω)+ ig j

{
2(α̃ ⊙ ρ̃

∗
e, j)(ω)−− α̃(ω)

}
+ iΩ

{
2ρ̃

∗
e, j(ωd −ω)−δ (ω −ωd)

}
(5.3b)

iωρ̃
∗
e, j(ω) =−Γρ̃

∗
e, j(ω)+ ig j

{
(α̃∗⊙ ρ̃ j)(ω)−− (α̃ ⊙ ρ̃

∗
j )(ω)+

}
+ i
{

Ω
∗
ρ̃ j(ωd −ω)−Ωρ̃

∗
j (ωd +ω)

}
. (5.3c)

Here, the definition of Dirac delta function δ (ω −ω ′) =
∫

∞

−∞
e−i(ω−ω ′)tdt is used.

(α̃ ⊙ ρ̃∗
j )(ω)± =

∫
α̃(ω1)ρ̃

∗
j (ω1 ±ω)dω1 are convolution functions where ⊙ denotes convolu-
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tion operation and are derived as follows,∫
∞

−∞

α(t)ρe, j(t)eiωtdt

=
1
2

∫
∞

−∞

∫
∞

−∞

∫
∞

−∞
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2

∫
∞

−∞

∫
∞

−∞

α̃(ω1)
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ρ̃e, j(ω2)δ (ω2 +ω1 −ω)+ ρ̃

∗
e, j(ω2)δ (ω2 −ω1 +ω)

]
dω1 dω2

=
1
2

∫
∞

−∞

α̃(ω1)
[
ρ̃e, j(ω −ω1)+ ρ̃

∗
e, j(ω1 −ω)

]
dω1

=
∫

∞

−∞

α̃(ω1)ρ̃
∗
e, j(ω1 −ω)dω1 = (α̃ ⊙ ρ̃

∗
e, j)(ω)−, (5.4)

∫
∞

−∞

α(t)ρ∗
j (t)e

−iωtdt

=
∫

∞

−∞

∫
∞

−∞

∫
∞

−∞

α̃(ω1)e−iω1t
ρ̃
∗
j (ω2)eiω2te−iωtdt dω1 dω2

=
∫

∞

−∞

∫
∞

−∞

α̃(ω1)ρ̃
∗
j (ω2)δ (ω2 −ω1 −ω)dω1 dω2

=
∫

∞

−∞

α̃(ω1)ρ̃
∗
j (ω1 +ω)dω1 = (α̃ ⊙ ρ̃

∗
j )(ω)+. (5.5)

and similarly,∫
∞

−∞

α
∗(t)ρ j(t)e−iωtdt = (α̃∗⊙ ρ̃ j)(ω)−. (5.6)

These derivations are similar to the proof of Fourier convolution theorem [125].
In absence of a cavity, the equations for atomic variables are,

−
{

Γ

2
+ i∆da

}
ρ̃(ωd)+ iΩ{2ρ̃

∗
e (0)−1}= 0 (5.7a)

−Γρ̃
∗
e (0)+ i{Ω

∗
ρ̃(ωd)−Ωρ̃

∗(ωd)}= 0. (5.7b)

In the absence of a cavity all the atoms behave in same way. This is because all are driven
equally by the classical drive field. Hence, the j subscript is removed as the atom-field
interaction strength is same for all the atoms. The atomic coherence oscillates only at the
driving frequency ωd and all other frequency components are zero. ∆da = ωd −ωa is detuning
of drive laser from the atomic transition. Solving for the coherence term and excited state
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population in the absence of cavity gives,

ρ̃(ωd) =
−2iΩ(2i∆da +Γ)

Γ2 +4∆2
da +8|Ω|2

(5.8)

and

ρ̃e(0) =
4|Ω|2

Γ2 +4∆2
da +8|Ω|2

. (5.9)

Perturbative calculation

For our experiment, Ω2 ≫ g2
0|α|2 and hence the effect of the cavity on the atoms is very small

and adds only small perturbations to values in (5.8) and (5.9). The perturbed atomic variables
can be written as, ρ̃ j(ω) = ρ̃(ωd)δ (ω − ωd) + ε̃ j(ω), ρ̃e, j(ω) = ρ̃e(0)δ (ω) + ε̃e, j(ω)and
ρ̃∗

e, j(ω) = ρ̃e(0)δ (ω)+ ε̃∗e, j(ω). Here, ε is perturbation to density matrix elements of atoms
due to interaction with the cavity. Keeping only the unperturbed part in the convolution
functions of Eqns. 5.3 gives a set of linear equations,

−iωα̃(ω) =−κtα̃(ω)− iωcvα̃(ω)− i
N

∑
j=1

g jρ̃ j(ω)−ηδ (ω −ωp) (5.10a)

−iωρ̃ j(ω) =−
{

Γ

2
+ iωa

}
ρ̃ j(ω)+ ig jα̃(ω){2ρ̃e(0)−1}

+ iΩ
{

2ρ̃
∗
e, j(ωd −ω)−δ (ω −ωd)

}
(5.10b)

iωρ̃
∗
e, j(ω) =−Γρ̃

∗
e, j(ω)+ ig j {α̃

∗(ωd +ω)ρ̃(ωd)− α̃(ωd −ω)ρ̃∗(ωd)}
+ i
{

Ω
∗
ρ̃ j(ωd −ω)−Ωρ̃

∗
j (ωd +ω)

}
. (5.10c)

In zeroth order of the atomic terms, the cavity field gets an additional term,

i
N

∑
j=1

g jρ̃ j(ω) = i
N

∑
j=1

g j
{

ρ̃(ωd)δ (ω −ωd)+ ε̃ j(ω)
}
≈ i

N

∑
j=1

g jρ̃(ωd)δ (ω −ωd) (5.11)

This requires ωp = ωd as seen in Eqn. (5.11) and results in an elastic exchange of energy from
drive field to cavity field via atoms and the cavity will gain photons even if it is not driven by
an external field.
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For other frequencies the perturbation term ε̃ j(ω) is important. Hence we proceed to derive
it using Eqn. (5.10). Eqn. (5.10b) can be rewritten as,

−
{

Γ

2
+ i∆a(ω)

}
ε̃ j(ω)+ ig jα̃(ω){2ρ̃e(0)−1}+ iΩ

{
2ε̃

∗
e, j(ωd −ω)

}
=

({
Γ

2
+ i∆a(ω)

}
ρ̃(ωd)− iΩ{2ρ̃e(0)−1}

)
δ (ω −ωd) (5.12)

where ∆a(ω) = ωa −ω . The right-hand side of above equation is zero for all ω from the
definition of the δ function and using Eqn. 5.7. This gives,

−
{

Γ

2
+ i∆a(ω)

}
ε̃ j(ω)+ ig jα̃(ω){2ρ̃e(0)−1}+ iΩ

{
2ε̃

∗
e, j(ωd −ω)

}
= 0. (5.13)

Using Eqn. (5.13) and ε̃∗e, j(ωd −ω)≈ 0 gives first order correction term for ρ̃ j(ω),

ε̃ j(ωp) =−ig j
α̃(ωp){−2ρ̃e(0)+1}{

Γ

2 − i∆pa
} =−ig jα̃(ωp)C1(ωp). (5.14)

This is similar to the value of ρ̃(ω) used to calculate the VRS (see Eqn. 4.6) but with an
extra factor of {−2ρ̃e(0)+1}. This factor comes because of change in population difference
between excited and ground state and effectively reduces the coupling and hence the VRS as
the cavity field sees fewer atoms in the ground state.

Now for excited state population if we don’t neglect the term, ε̃∗e, j(ωd −ω),

(iωd − iω +Γ)[ρ̃e(0)δ (ωd −ω)+ ε̃
∗
e, j(ωd −ω)]

= ig j {α̃
∗(2ωd −ω)ρ̃(ωd)− α̃(ω)ρ̃∗(ωd)}+ i

{
Ω

∗
ρ̃ j(ω)−Ωρ̃

∗
j (2ωd −ω)

}
.(5.15)

Rearranging terms,

(iωd − iω +Γ)ε̃∗e, j(ωd −ω)− ig j {α̃
∗(2ωd −ω)ρ̃(ωd)− α̃(ω)ρ̃∗(ωd)}

−i
{

Ω
∗
ε̃ j(ω)−Ωε̃

∗
j (2ωd −ω)

}
=
[
−(iωd − iω +Γ)ρ̃e(0)+ i

{
Ω

∗
ρ̃ j(ωd)−Ωρ̃

∗
j (ωd)

}]
δ (ωd −ω). (5.16)



5.4 Theoretical Model for gain in probe light 101

Again the right hand side is zero for all ω . The complete set of equations to calculate ε̃ j(ωp) at
the cavity probe frequency can be derived from (5.13) and (5.16) and are given by,

−
{

Γ

2
+ i∆a(ωp)

}
ε̃ j(ωp)+ ig jα̃(ωp){2ρ̃e(0)−1}+ iΩ

{
2ε̃

∗
e, j(ωd −ωp)

}
= 0 (5.17a)

− [i(ωd −ωp)+Γ]ε̃∗e, j(ωd −ωp)+ ig j
{

α̃
∗(2ωd −ωp)ρ̃(ωd)− α̃(ωp)ρ̃

∗(ωd)
}

+ i
{

Ω
∗
ε̃ j(ωp)−Ωε̃

∗
j (2ωd −ωp)

}
= 0 (5.17b)

−
{

Γ

2
+ i∆a(2ωd −ωp)

}
ε̃ j(2ωd −ωp)+ ig jα̃(2ωd −ωp){2ρ̃e(0)−1}

+ iΩ
{

2ε̃
∗
e, j(ωp −ωd)

}
= 0 (5.17c)

− [i(ωp −ωd)+Γ]ε̃∗e, j(ωp −ωd)+ ig j
{

α̃
∗(ωp)ρ̃(ωd)− α̃(2ωd −ωp)ρ̃

∗(ωd)
}

+ i
{

Ω
∗
ε̃ j(2ωd −ω)−Ωε̃

∗
j (ω)

}
= 0. (5.17d)

If the cavity is only driven at one frequency, ωp, α(2ωp−ω)= 0 in above equations. From (5.17)
it can be seen that in addition to oscillating at the frequency ωp the atomic coherence also
oscillates at frequencies ωp ±∆pd, where ∆pd = ωp −ωd. This was an assumption made by B.
R. Mollow in his article [122] for solving free space scenario of the same problem as ours. We
arrive at it using Fourier transforms. Hence, for non-zero ε̃∗e, j(ωd −ω) we get,

ε̃ j(ωp) =−ig jα̃(ωp)[C1(ωp)+C2(ωp)] (5.18)

Where C1(ωp) is same as in (5.14) and the value of C2(ωp) is,

C2(ωp) =
E

FG
(5.19)

Where ,
E =−16|Ω|2(Γ− i∆d p)

[
Γ2 −2iΓ∆d p +4∆pa(∆pa −∆d p)

]
,

F = (Γ−2i(∆pa +∆d p))
(
Γ2 +8|Ω|2 +4∆2

pa
)

and
G =

[
(Γ− i∆d p)

(
4∆2

pa +(Γ−2i∆d p)
2)+8|Ω|2(Γ−2i∆d p)

]
.

Finally, α̃(ωp) takes the form,

α̃(ωp) =
−η − iρ̃(ωd)δ (ωd −ωp)∑

N
j=1 g j{

κt − i∆pc
}
+g2

t [C1(ωp)+C2(ωp)]
. (5.20)
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The average photon number in the cavity, n̄ = |α|2 can be calculated using this semi-
classical theory of atom-light interaction1. Fig. 5.9 shows cavity transmission spectrum as a
function of the frequency of probe laser using Eqn. 5.20. From Fig. 5.9 it is evident that for
red detuning the probe laser experiences gain and for blue detuning experiences loss. This is
completely consistent with the experimental observations in Fig. 5.7. When the gain of probe
laser from the atoms exceed the loss from the atom-cavity system, we see lasing as shown in
Fig. 5.9(b) providing a consistency check for the lasing of the red-detuned peak. In addition,
the parameters in our calculations are such that 4|Ω|4 < |∆da|3Γ and 4|Ω|2 < |∆da|2, where 2Ω

is Rabi frequency of the drive laser, ∆da is detuning of drive laser from the atomic transition and
Γ is decay rate of the atomic excited state due to spontaneous emission. This is opposite to the
conditions necessary for gain in probe beam according to [114] and [122] respectively, where
the system was required to be driven hard. However, here the presence of cavity enhances the
interaction, and we see gain even without the very demanding requirements on parameters in
the earlier experiments.
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Fig. 5.9 Probe transmission through the cavity as a function of detuning from the atomic
transition. Blue is empty cavity transmission, the dotted brown curve is the VRS, and red
dashed curve shows probe transmission when atoms are driven by classical light. The two
graphs are for different detuning of the cavity from atomic transition, (a) ∆ca/(2π) = 0 and (b)
∆ca/(2π) =−15 MHz. Other parameters are, the strength of drive field is Ω/(2π) = 6 MHz,
the strength of probe field is η/(2π) = 4.75 MHz, atom-cavity collective strong coupling is
gt/(2π) = 30 MHz, Γ/(2π) = 6 MHz, cavity FWHM is 2κt/(2π) = 9.5 MHz, and ∆pa/(2π) =
−13 MHz.

1The Mathematica code for the algebraic manipulation leading to Eqn. 5.20 is given at https://goo.gl/mzUzvA.
The file name is "Driven atoms_plus_cavity_analysis.nb". This file also contains the code to obtain and plot the
data for Fig. 5.9.

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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5.5 Further discussions

Most of the concepts discussed in the sections preceding this concentrated on the origin of the
red detuned peak observed in the experiment. In this section, we discuss the origin of the blue
detuned peak observed in the experiment. On changing the detuning of the cavity with respect
to the atomic transition, the collective eigenstate (VRS) also shifts in frequency. When the
cavity is blue detuned with respect to the atomic transition, the red VRS peak shifts towards
the atomic transition and the blue peak shifts away from the atomic transition. This makes
it possible for the red VRS peak to be in resonance with the MOT cooling laser which is 13
MHz red detuned from the atomic transition when the detuned cavity resonance is to the blue
side. As can be inferred from Fig. A.1 of Appendix A, the atomic fluorescence is dominant
at MOT/drive laser frequency. Hence, the combined system of atoms and cavity becomes
resonant for most of the florescent light, when the cavity is blue detuned with respect to the
atomic transition. This explains the observation of the blue peak in the experiment as shown
in the Figs. 5.2, 5.4 and 5.5. This blue peak is unpolarized as the fluorescence can be of any
polarization.

Comparing the numbers in the above calculations and the experiment, the total intensity
of all the MOT beams and dipole moment for isotropic beam case gives Ω/(2π) ≈ 6 MHz
as an estimate. However, theoretical treatment is for single drive beam whereas there are six
beams, all with different polarization and non-zero relative phase differences between them.
The calculation, therefore, is a lower estimate of the light-atom interaction, since sub-Doppler
cooling mechanisms will try to localize atoms towards intensity maxima formed by the six
MOT beams increasing effective value of Ω [120]. Also, for the analysis, we have assumed the
cavity field to be very weak, such that the atomic coherence, ρ is only first order in cavity field,
α . There is a possibility of gain to be higher order in α which has not been considered here.
Hence exact quantitative comparison is not possible with the present model, but qualitatively
we do not expect the physics behind the observations to change.

5.6 Conclusion

In conclusion, when a MOT of actively driven atoms is in collective strong coupling regime
with a Fabry-Pérot cavity, lasing is seen in the red detuned emitted light from the atom-cavity
system. The lasing for a stabilized cavity and MOT atom number is continuous in nature.
This driving field is the same as the MOT light which cools and traps the atoms and results in
continuous operation of the laser from the coupled atom-cavity system. The lasing is seen for
the red detuned peak because symmetry is broken in favor of the red detuned peak due to the



104 Lasing by driven atoms coupled to a cavity

MOT light, which also confines the atoms effectively and couples it to the cavity mode. In
principle, the lasing could be achieved on the blue detuned peak if the driving frequency and
the trap mechanism were not connected and the driving light was blue detuned with respect to
the atomic transition. The observed phenomena are therefore generic to the driven atom-cavity
system and have potential to be of interest for basic studies and for applications. To analyze the
basic processes of this phenomena a semiclassical theory of light-matter interaction is presented,
where the role of Mollow gain and dispersion due to the collective strong coupling of atoms to
the cavity and the change in the dynamics of the system is explained. Here, we took the decay
of the atomic excited state phenomenologically similar to B. R. Mollow [122]. Theoretically,
it would be a useful exercise to perform a full quantum and multimode calculation including
the vacuum modes similar to Grynberg et.al [114]. The vacuum modes and the drive field can
be then integrated out similar to the approach of open quantum optics [86] giving an effective
non-linear interaction between the photons in the cavity and the atoms. Such an approach will
provide more information regarding the properties of laser observed in our experiment. Future
work can be taken up to observe the properties of this type of non-linear laser, such as photon
statistics, phase diffusion and squeezing, as predicted by single mode theories of Zakrzewski
et.al [126–128] and Agarwal [129, 130]



Chapter 6

Towards coupling of ultracold molecules
to a cavity

In the introduction we enumerated several motivations for creation of molecules at ultra-
cold temperatures. Among these, our primary motivation is to study interactions between
molecules [131] and between molecules and atoms [17, 132, 46] where quantum statistics will
play a significant role. To study interactions between these molecules, it would be advantageous
to couple these molecules to the cavity or to mix the molecules with the atoms coupled to
the cavity. Such a atom-molecule-cavity system might be useful in the future for creating the
molecules in a particular state, detecting them non-destructively either directly using cavity or
via an atom-cavity coupling.

In order to study the interactions mentioned above, we need state prepared molecules at
ultracold temperatures. An efficient and simple way is to create them from ultracold atoms.
There are two processes which are used to create molecules from a ultracold ensemble of atoms.
One is using magnetic field via magnetically tunable Feshbach resonances [41] and second is
via photoassociation (PA) using light [42]. The PA process has been very useful for creating
diatomic molecules [133], for doing spectroscopy of these molecules [47], and for measuring
atomic constants [134–136].

To make a start in this direction, we perform experiments to study the creation of diatomic
molecules from ultracold atoms using light coupled to a cavity via the process of photoassoci-
ation. In principle, cavity offers two advantages; first is to increase the intensity of light and
second is to increase the light-matter interaction strength compared to free space interactions.
PA experiments with cavity and other related experiments will be described in the sections 6.1
and 6.2. In the process of molecule creation, we also observe atomic losses not related to
the PA process which result in molecule creation. These losses have to be understood and
distinguished from the PA process. The possible distinctions will be discussed in section 6.4.
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In section 6.5, we will explore techniques to detect molecules using cavity. The experiments
mentioned in this chapter are done with a magneto-optical trap (MOT) of ultracold 85Rb atoms.
At the initial stages of the experiment, MOT of 40K was used to look for signatures of molecule
creation using light coupled to a cavity. However, as the density of atoms in 40K MOT was
small, the signal for molecular creation was very weak. Hence we moved to a MOT of 85Rb
atoms which had an order of magnitude higher density. The features described in section 6.2
were also observed for 40K atoms.

6.1 Photoassociation spectroscopy

MOT Fluorescence

P
A

 laser freq
uency

PA laser

Free atom state

(a)

(b)

Fig. 6.1 The process of photoassociation and relevant potential energy curves of Rb atom. An
excited state molecule is formed when two atoms which are close to each other are exposed
to a photon from a PA laser. The frequency of this PA laser (red solid line) is such that it is
in resonance with one of the vibrational level (shown by green color lines) of an exited state
potential. This excited state molecule either decays due to spontaneous emission back to free
atom state with rate Γ f or to a bound vibrational level of one of the ground state potential with
rate Γb. The wavy lines show spontaneous emission paths. (a) Shows a zoomed in part of the
potential energy curves and the high lying vibrational levels of the excited state potentials near
the asymptote. (b) Shows the variation in MOT atom number when the PA laser frequency is
scanned near the vibrational levels of the excited state potential.

In this section, we present the results of photoassociation (PA) spectroscopy via the method
of atomic trap loss spectroscopy. Figure 6.1 is a representative schematic figure showing the
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process of PA. In the method of atomic trap loss spectroscopy, the creation of molecules is
inferred from loss of atoms. In a MOT, there is always a balance of atom loss due to collisions
and atom gain due to the constant loading of atoms from background thermal gas of atoms
due to laser cooling. This balance helps in maintaining a steady state of atom number. After
introducing a laser to perform the process of PA an additional loss process occurs for the MOT
atoms as these atoms are converted to electronically excited molecules, these excited molecules
either decay to ground bound state molecules or free atoms which may or may not be trapped in
the MOT. Hence, the steady state atom number drops giving us an indirect evidence of molecule
creation. The creation of molecules is possible only at specific wavelengths of light due to
discrete nature of molecular states, and hence we see resonances when the light wavelength
is scanned. Few such resonances are shown in figure 6.2. The resonances in figure 6.2 are
observed by free space illumination of atoms with PA light, i.e. without coupling the light to a
cavity. As a demonstration of the feasibility of molecule creation in cavity we also performed
spectroscopy using PA light coupled to a cavity, the result is shown in figure 6.3. Here, we have
taken data at only a few detunings because unlike the free space case scanning the wavelength
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Fig. 6.2 The scans of the experiments which show 85Rb2 molecular resonances. The y-axis
shows normalized fluorescence from MOT atoms, the fluorescence is a measure of atom number
in the MOT, and ∆ = ωpa −ωa is detuning of PA laser from the cooling transition of 85Rb atom
(3-4′ transition of D2 line [91]). Here, ωpa is the frequency of PA laser and ωa is the frequency
of the atomic transition. The wavelength of the PA laser is monitored using a wavemeter.
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of the PA laser which is locked to the cavity is not possible in our experimental setup. The
technique for locking of PA laser to the cavity is explained in section 2.3.5.
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Fig. 6.3 The scan of an experiment which show 85Rb2 molecular resonance at -57.5 GHz
when PA light is coupled to the cavity. The corresponding free space spectroscopy is shown in
figure 6.2(c).

6.2 Dependence of atomic number in MOT on the intensity
of far detuned light

6.2.1 Far detuned light coupled to a cavity

To clearly understand the differences between PA process with and without cavity it is essential
to know the dependence of atom loss on the intensity of the far detuned (∼ few GHz) PA
light. To understand this dependence we performed experiments where the intensity of PA
light was varied, and the corresponding change in MOT fluorescence was recorded. The data
for these experiments show unexpected behavior which is complex. The atom number shows
non-monotonic behavior with respect to (w.r.t.) a monotonic increase in intensity. This behavior
is not restricted to the molecular PA resonances but is a generic feature of the system when the
light is red detuned w.r.t. the atomic transition whether or not on PA resonance as shown in
figure 6.4. As can be seen in figure 6.4, the fluorescence first decreases and then increases
and drops suddenly as the intensity of laser light is further increased. The expected behavior
is monotonic decrease in fluorescence as the atom number decreases due to light-induced
losses in atomic ensemble. Qualitatively the behavior remains same for different detunings but
the features shift towards high intensity values. As seen in figure 6.5 the blue detuned light
induces entirely different behavior. Initially the atomic fluorescence shows slight tendency
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Fig. 6.4 Dependence of MOT fluorescence on the intensity of light coupled to the cavity when
the light is red detuned w.r.t. the atomic transition. The MOT fluorescence for all the data
points is normalized w.r.t. MOT fluorescence without the cavity light. The detuning of cavity
light mentioned in the plot legends is w.r.t. the cooling transition of the atom.
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Fig. 6.5 Dependence of MOT fluorescence on the intensity of light coupled to the cavity when
the light is blue detuned w.r.t. the atomic transition.

to increase and then drops suddenly. Similar to red detuned case, qualitatively the behavior
remains same for different detunings, but the slope and location for the sudden drops change.
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Fig. 6.6 This graph shows a correspondence between detected fluorescence and atom number
when cavity light is present. Red filled circles show the amount of fluorescence from atoms
when cavity light is present, and empty triangles show the amount of fluorescence from atoms
immediately after the cavity light is suddenly blocked. The cavity light detuning w.r.t. the
atomic cooling transition is -21.7 GHz. This detuning is chosen to avoid a molecular resonance
as can be inferred from figure 6.2(a).

The experimental setup for intensity scans when the laser is locked to the cavity is explained in
section 2.3.5.

In order to check whether the change in amount of fluorescence from the MOT atoms
mentioned above is due to change in atom number, a separate experiment is performed. In
this experiment, the light coupled to the cavity is suddenly blocked, and the fluorescence is
immediately recorded. This experiment is repeated for several values of cavity light intensities,
and the result is shown in figure 6.6. For atoms in the MOT, the time required to attain
steady-state atom number is more than 5 seconds, the measurement is only limited by the
PMT response time (∼ 100 µs) and hence the fluorescence just after blocking of the cavity
light is a correct measure of atom number in the presence of the cavity light. As can be seen
from figure 6.6 the non-monotonic behavior is indeed shown by the atom number. The atomic
number is seen to almost increase to the without cavity light atom number for the point of
maximum fluorescence in figure 6.6. The difference in fluorescence just before and after
blocking of cavity light in this experiment is likely to be due to AC Stark shifts which reduce
the amount of light scattered by the atoms from the MOT lasers. AC stark shift is a phenomenon
in which an oscillating electric field interacting with an atomic transition shifts the energies of
states involved in the transition [55]. In our experiment this oscillating electric field is provided
by the cavity light.
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6.2.2 Photoassociation with cavity coupled light

In order find out the intensity dependence of the photoassociation process, we perform intensity
scans at the molecular resonances and compare them with scans when the cavity light is
detuned away to the immediate higher and lower frequency off-resonant detunings about the
measured molecular resonance. Scans away from the molecular resonance at both red and
blue detunings of the molecular resonance are performed in order to distinguish the effect of
molecule formation from detuning-dependent changes observed in the above subsection. The
results are shown in figure 6.7. In this figure, the red and the blue points represent the off
resonance detunings and the black points are the on molecular resonance data. The red and

(a) (b)

(c)

Fig. 6.7 Dependence of MOT fluorescence on the intensity of PA light coupled to the cavity
near molecular resonances. In all of the graphs, empty black squares show intensity scan
exactly at the PA resonance, filled red circles and empty blue triangles show intensity scans
away from the molecular resonances but are red and blue detuned w.r.t. molecular resonance
respectively. The detunings for [red, on resonance, blue] are, (a) [-23.29 GHz, -22.49 GHz,
-21.50 GHz], (b) [-24.79 GHz, -24.19 GHz, -23.49 GHz], and (c) [-59.81 GHz, -57.91 GHz,
-56.21 GHz]. The spectroscopy signal for the resonances in (a) and (b) is shown in figure 6.2(a)
and for (c) is shown in figure 6.2(c).
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the blue points represent light induced processes on the atomic system which does not result
in molecular formation while the black is from molecular formation in addition to the light
induced processes. It is therefore the difference between the blue/red and the black data points
which represents the change due to molecular formation by PA. Additionally, from figure 6.7
it can be seen that initially for a very low intensity of PA light the molecule formation rate is
low which increases as the PA light intensity is increased. This rate becomes maximum for
an intermediate value of intensity and further increasing the intensity reduces the molecular
formation rate as the density is reduced to a very low value by the PA process and other
competing processes not related to PA. Towards the end, the competing processes become so
strong that there is no signal for molecule formation even when the atom number increases.
The best conversion rate for molecule formation is obtained for figure 6.7(c) as this molecular
resonance is more detuned away from the atomic transition than the resonances of figure 6.7(a)
and figure 6.7(b). The observations of this section and figure 6.3 show that despite the presence
of other competing processes it is possible to create molecules efficiently using light coupled to
a cavity.

6.2.3 Far detuned light in free space

PBS Laser

SMPMF
to wavemeter

APPISO

PBS

LA

SMPMF

VNDF TA

PD

LAAtomic ensemble

NDF

Fig. 6.8 This is the experimental arrangement for free space PA light. The photodiode (PD)
is used for monitoring the power of retroreflected light beam. NDF - neutral density filter,
NDF - variable neutral density filter, PBS - polarizing beam splitter, PD - photo diode, LA -
plano convex lens, APP - anamorphic prism pair, ISO - optical isolator, to amplify the power,
SMPMF - single mode polarization maintaining fiber, λ/2 - half wave plate, λ/4 - quarter
wave plate.
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Fig. 6.9 Dependence of MOT fluorescence on the intensity of free space detuned light (not
coupled to a cavity). The MOT fluorescence for all the data points is normalized w.r.t. MOT
fluorescence without the detuned light. The detuning of detuned laser light mentioned in the
plot legends is w.r.t. the cooling transition of the atom.

In order to determine whether the effect we observe for far detuned intense light coupled to the
cavity is an effect due to the presence of a cavity or not we perform experiments similar to the
experiments of the previous sections but with free space light. In order to mimic the spatial
profile of cavity light in free space, we focus the light at the center of the atomic cloud. The
experimental arrangement for this is shown in figure 6.8. A convex lens of 30 cm focal length
focuses the light at the center of the atomic ensemble, the 1/e2 radius of this light at the focus
is ∼ 80 µm. Using a combination of a convex lens and a mirror the light is again reflected back.
This retroreflected light interferes with the original light beam forming a standing wave. This
ensures similarity between the free space light and cavity coupled light.

Observations with free space far detuned light are shown in figure 6.9. Here, qualitatively
the features observed are similar to the features observed for cavity coupled light. These
observations tell us that the intensity dependent features observed are not due to a process
which requires a cavity and can be observed even for a focused free space light. One more
question that can be asked is, what role does standing wave place in the process leading to the
observed feature? The answer is nuanced. Qualitatively the large variations in the MOT atom
numbers are seen whether the light is retro-reflected or not. However particular details of the
MOT number variations change, as seen in figures 6.9 and 6.10. No retroreflection ensure no
standing wave. The experiment was performed for both circular and linear polarized light and
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Fig. 6.10 Dependence of MOT fluorescence on the intensity of circularly and linearly polarized
free space detuned light without the standing wave. The MOT fluorescence for all the data
points is normalized w.r.t. MOT fluorescence without the detuned light. The detuning of
detuned laser light w.r.t. to the atomic transition is -10 GHz.

as seen in figure 6.10, the rise in atom number after the initial dip is more prominent in the
circularly polarized case.

6.3 Dependence of atomic density in MOT on the intensity
of far detuned light

In the above section, we discussed how the atom number changes when a far detuned light of
high intensity is interacting with ultracold atoms trapped in a MOT. In this section, we will
discuss the change in density profile when such a light is incident on the atomic ensemble.
This will enable us to further understand the phenomenon we observe. Moreover, knowing the
correct density distribution of atoms is essential for PA with cavity because the process of PA
is proportional to the square of the atomic density and the intensity of cavity light concentrated
in a small volume. So, the knowledge of atomic density at the center of the cavity is essential
for observing the process of PA. In addition to PA process, other atomic loss processes which
arise due to atomic collisions also depend on the atomic density, and accurate calculation of
rates for these processes will require accurate knowledge of atomic density profile.
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6.3.1 Experimental observations

Figures 6.11 and 6.12 show few instances of spatial dependence of fluorescence from MOT
atoms for relevant intensities of red-detuned and blue-detuned light respectively. In fig-
ure 6.11(d) when the atom number is maximum after initial decrease (see figure 6.4) the
density profile shows flat top and the overall width of the atomic cloud increases. This change
in density profile is due to (a) heating of atoms as a result of scattering of cavity light photons

Fig. 6.11 Spatial dependence of fluorescence of MOT atoms for different intracavity intensities
of red-detuned light. (a) No cavity light is present, (b) Cavity Light with peak intensity 10
W/cm2, (c) Cavity Light with peak intensity 100 W/cm2, (d) Cavity Light with peak intensity
165 W/cm2. The detuning of this cavity coupled laser light w.r.t. to the atomic transition is -15
GHz. The orange traces show 1D density profiles along x and y axes obtained by taking mean
along y and x axis respectively. See figure 6.4 for corresponding atom number dependence.
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Fig. 6.12 Spatial dependence of fluorescence of MOT atoms for different intracavity intensities
of blue-detuned light. (a) No cavity light is present, (b) Cavity Light with peak intensity 45
W/cm2, (c) Cavity Light with peak intensity 55 W/cm2, (d) Cavity Light with peak intensity 67
W/cm2. The detuning of this cavity coupled laser light w.r.t. to the atomic transition is +10
GHz. See figure 6.5 for corresponding atom number dependence.

by the atoms and (b) due to AC Stark shift of atomic levels from the cavity light which reduces
the scattering from MOT beams reducing the visibility of the atoms in the cavity mode vol-
ume. This can be inferred from figure 6.13 which shows density profile just before and after
the cavity light is blocked (see figure 6.6 for corresponding atom number variation). As the
scattering processes are very fast (∼ 1 µs) the density profile changes instantaneously without
any noticeable change in the atom number which comparatively takes few orders of magnitude
more time to change. The change in density profile recorded by the CCD camera is limited by
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the frame rate of the camera. In our case, the frame rate is 30 Hz which is fast compared to the
loading rate of the MOT.

Fig. 6.13 Spatial dependence of fluorescence of MOT atoms. (a) Just before suddenly blocking
the cavity light. (a) Just after suddenly blocking the cavity light. The detuning of PA laser
light w.r.t. to the atomic transition is -21.7 GHz, and intensity is 250 W/cm2. See figure 6.6 for
corresponding atom number variation

6.3.2 Simulations for density profile

Effect of MOT light on atoms

From section 2.1 we saw that the force on an atom trapped in the MOT can be written as,

F⃗ =−β⃗3D ◦ v⃗− ζ⃗3D ◦ r⃗ (6.1)

where ◦ denotes a Hadamard (element wise) product of the vectors. Similarly, the rate of
photon scattering by a MOT atom from the MOT light is given by [55],

R =
3IrΓ

1+4|∆|2/Γ2 +6Ir
. (6.2)

Here, Γ is excited state decay rate of atoms, Ir = I/Isat is the ratio of intensity per MOT
beam to saturation intensity [55], ∆ is detuning of MOT light from resonance. The random
scattering of photons by the atoms lead to a random walk of atoms inside the MOT beams, this
leads to spreading of atoms away from the center of the atoms and gives the atomic cloud a
characteristic size. This random walk leads to diffusion of the atoms with a diffusion constant,
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DMOT = h̄2k2R [54], where k = 2π/λ is wavenumber and λ the wavelength of light. Assuming
isotropic scattering from the atoms, the diffusion constant in each direction becomes, DMOT/3.
For a particle trapped in a harmonic trap undergoing diffusion which is the case for MOT atoms
following Eqn. 6.1, the temperature is given by [137],

TMOT =
DMOT

3β3DmakB
(6.3)

and the standard deviation in distance from trap center is given by,

σ
i
mot =

√
DMOT

3β3Dmaζ i
3D

(6.4)

for i ∈ (x,y,z). Here ma is the mass of the atom, kB is Boltzmann’s constant, and ζ i
3D is the trap

stiffness in i direction. For simplicity, we take equal trap stiffness (ζ3D) in all direction for the
purpose of the simulations, this gives σ x

mot = σ
y
mot = σ

z
mot = σmot. The density of atoms in this

simple case of diffusion with harmonic confinement is Gaussian with standard deviation σmot

mentioned above.
Now, if we add the interaction of atoms with the cavity light the scenario is altered due to

multiple factors, (a) the scattering of photons from this cavity light will add into diffusion, (b)
the dipole force due to cavity light will change the confining of atoms, and (c) the AC Stark
effect will change the MOT parameters inside the cavity mode volume. Before starting to find
the atomic density for such a scenario, we study the effect on the atomic variables when two
lasers of different frequencies interact with the same two-level atom.

A two-level atom interacting with two light fields

Similar to Eqn. 5.1 we can write a Hamiltonian for such a scenario,

Ĥ =
h̄ωa

2
σ̂

z + h̄
{

Ω
∗
mσ̂

−eiωmt +Ωmσ̂
+e−iωmt}+ h̄

{
Ω

∗
cvσ̂

−eiωcvt +Ωcvσ̂
+e−iωcvt} . (6.5)

Here, the subscripts m and cv are for MOT laser light and cavity light respectively. We assume
the strength of cavity light is constant because we are in high intensity regime where change in
cavity light intensity due to the presence of atoms is negligible. The time dependent equations
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for the atomic variables become,

dρ(t)
dt

=−
{

Γ

2
+ iωa

}
ρ(t)+ i(Ωme−iωmt +Ωcve−iωcvt)(2ρe(t)−1)

dρe(t)
dt

=−Γρe(t)+ i
{
(Ω∗

meiωmt +Ω
∗
cveiωcvt)ρ(t)− (Ωme−iωmt +Ωcve−iωcvt)ρ∗(t)

}
.

(6.6a)

As multiple frequencies are involved, we will have to Fourier transform the above equations
similar to Eqns. 5.3. This gives,

−iωρ̃(ω) = −
{

Γ

2
+ iωa

}
ρ̃(ω)− iΩcv {2ρ̃

∗
e (ωcv −ω)−δ (ω −ωcv)}

−iΩm {2ρ̃
∗
e (ωm −ω)−δ (ω −ωm)} (6.7a)

iωρ̃
∗
e (ω) = −Γρ̃

∗
e (ω)− i{Ω

∗
cvρ̃(ωcv −ω)−Ωcvρ̃

∗(ωcv +ω)}
−i{Ω

∗
mρ̃(ωm −ω)−Ωmρ̃

∗(ωm +ω)} . (6.7b)

The susceptibility of atoms for the MOT light and the cavity light will be proportional to
the Fourier components ρ̃(ωm) and ρ̃(ωcv) of the atomic coherence respectively [90], i.e., the
components oscillating at the respective frequencies. Hence, we will solve for these Fourier
components using Eqns. 6.7. The Fourier components will follow following algebraic equations,

−
{

Γ

2
− i∆cv

}
ρ̃(ωcv)− iΩcv {2ρ̃

∗
e (0)−1}− iΩm {2ρ̃

∗
e (∆mc)}= 0 (6.8a)

−
{

Γ

2
− i∆m

}
ρ̃(ωm)− iΩcv {2ρ̃

∗
e (−∆mc)}− iΩm {2ρ̃

∗
e (0)−1}= 0 (6.8b)

−Γρ̃
∗
e (0)− i{Ω

∗
cvρ̃(ωcv)−Ωcvρ̃

∗(ωcv)}− i{Ω
∗
mρ̃(ωm)−Ωmρ̃

∗(ωm)}= 0 (6.8c)

{i∆mc −Γ} ρ̃
∗
e (−∆mc)− i{Ω

∗
cvρ̃(ωm)−Ωcvρ̃

∗(ωcv −∆mc)}
− i{Ω

∗
mρ̃(ωm +∆mc)−Ωmρ̃

∗(ωcv)}= 0 (6.8d)

−{i∆mc +Γ} ρ̃
∗
e (∆mc)− i{Ω

∗
cvρ̃(ωcv −∆mc)−Ωcvρ̃

∗(ωm)}
− i{Ω

∗
mρ̃(ωcv)−Ωmρ̃

∗(ωm +∆mc)}= 0 (6.8e)

−
{

Γ

2
− i∆m − i∆mc

}
ρ̃(ωm +∆mc)− iΩcv {2ρ̃

∗
e (−2∆mc)}− iΩm {2ρ̃

∗
e (−∆mc)}= 0 (6.8f)

−
{

Γ

2
− i∆cv + i∆mc

}
ρ̃(ωcv −∆mc)− iΩcv {2ρ̃

∗
e (∆mc)}− iΩm {2ρ̃

∗
e (2∆mc)}= 0. (6.8g)

Here, we neglect the higher order beat terms as those will be small, ∆cv = ωcv −ωa and
∆m = ωm −ωa are detunings of cavity and MOT light from atomic transition respectively, and
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∆mc = ωm −ωcv is detuning of MOT laser from the cavity light. To calculate approximate
effects, lets neglect terms which are higher than order one of first order beating terms and as
Ωcv ≫Ωm for the intensities we use in the experiments, Ωcv {2ρ̃∗

e (0)−1}− iΩm {2ρ̃∗
e (∆mc)}≈

Ωcv {2ρ̃∗
e (0)−1}. This simplifies the Eqns. 6.8 to,

−
{

Γ

2
− i∆cv

}
ρ̃(ωcv)− iΩcv {2ρ̃

∗
e (0)−1}= 0 (6.9a)

−
{

Γ

2
− i∆m

}
ρ̃(ωm)− iΩcv {2ρ̃

∗
e (−∆mc)}− iΩm {2ρ̃

∗
e (0)−1}= 0 (6.9b)

−Γρ̃
∗
e (0)− i{Ω

∗
cvρ̃(ωcv)−Ωcvρ̃

∗(ωcv)}− i{Ω
∗
mρ̃(ωm)−Ωmρ̃

∗(ωm)}= 0 (6.9c)

{i∆mc −Γ} ρ̃
∗
e (−∆mc)− iΩ∗

cvρ̃(ωm)− iΩmρ̃
∗(ωcv) = 0 (6.9d)

−{i∆mc +Γ} ρ̃
∗
e (∆mc)− iΩcvρ̃

∗(ωm)− iΩ∗
mρ̃(ωcv) = 0 (6.9e)

Solving above equations we get1,

ρ̃(ωm) =


−4Ωm

(
∆m +

2Ω2
cv

∆cv

)
Γ2 +4

(
2Ω2

cv
∆cv

+∆m

)2
+8Ω2

m

+ i

 2ΓΩm

Γ2 +4
(

2Ω2
cv

∆cv
+∆m

)2
+8Ω2

m


=

{
−4Ωm (∆m +∆ac)

Γ2 +4(∆m +∆ac)
2 +8Ω2

m

}
+ i

{
2ΓΩm

Γ2 +4(∆m +∆ac)
2 +8Ω2

m

}
(6.10)

ρ̃(ωcv) =


−Ωcv

[
Γ2 +4

(
2Ω2

cv
∆cv

+∆m

)2
]

∆cv

[
Γ2 +4

(
2Ω2

cv
∆cv

+∆m

)2
+8Ω2

m

]
+ i


ΓΩcv

[
Γ2 +4

(
2Ω2

cv
∆cv

+∆m

)2
]

2∆2
cv

[
Γ2 +4

(
2Ω2

cv
∆cv

+∆m

)2
+8Ω2

m

]


= pd

{
−Ωcv

∆cv
+ i

ΓΩcv

2∆2
cv

}
. (6.11)

While deriving the above functional form, we used the identities,
∣∣∣ Γ

∆cv

∣∣∣≪ 1,
∣∣∣Ωcv

∆cv

∣∣∣≪ 1, and
|∆cv| ≫ |∆m| for far detuned cavity light. From the Eqn. 6.10 we can see that for the atomic
coherence oscillating at MOT laser frequency, an additional term 2Ω2

cv
∆cv

gets added to the detuning
of MOT laser. This addition is nothing but AC Stark shift due to the cavity light [55]. For
Eqn. 6.11 an additional term pd gets multiplied to the atomic coherence oscillating at cavity
laser frequency. pd = ρg −ρe is population difference between excited state and ground state
and is due to saturating effect of MOT light. The saturating effect of cavity light is very less

1The Mathematica code for the algebraic manipulation leading these equations is given
at https://goo.gl/mzUzvA. The file name is "2-level_two light fields.nb".

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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as Ω2
cv

∆2
cv
≪ 1. Hence, the functioning of the MOT will depend on the intensity of cavity light

where the atom is located. This will require adding Stark shift term to the detuning term in
constants β3D, ζ3D, and DMOT. The Stark shifted constants will be denoted as β ′

3D, ζ ′
3D, and

D ′
MOT. Also, all the cavity terms which denote scattering and dipole trapping due to cavity will

get multiplied by pd.

Effect of cavity light on motion of atoms.

On a coarser level, the intensity variation of light can be approximated as, I(x,y) = 2I0e
− 2(x2+y2)

w2
0 .

Here, w0 = 78 µm is cavity waist and I0 =
It
2 intensity per beam. The peak intensity for the

cavity is It. We average over the standing wave formed along the cavity axis (z) as it will
just add details at a very fine level, and the feature we observe in the experiment is present
even if there is no standing wave. The above density profile will result in a dipole potential,

U (x,y) = h̄Ω2
cv

∆cv
e
− 2(x2+y2)

w2
0 . Where 2Ωcv is Rabi frequency due to cavity light. Similar to the MOT

light, the diffusion co-efficient due to scattering from cavity light is, D0(x,y) = Γh̄2k2s(x,y),
where

s(x,y) =
Ω2

cv
∆2

cv
e
− 2(x2+y2)

w2
0 (6.12)

is position dependent saturation parameter of cavity light. In addition to this diffusion, the atom
also undergoes random motion due to fluctuations in dipole force. The diffusion co-efficient
due to this fluctuation is given by [138],

Dd(x,y) =
Γh̄2s(x,y)

2

{
k2 + |α(x,y)|2

[
1+

32∆2
cvs(x,y)3

Γ2

]}
(6.13)

where, |α(x,y)|2 = 4 x2+y2

w4
0

. We obtain the above simplified form using |s(x,y)|max =
Ω2

cv
∆2

cv
≪

1. Hence, total diffusion co-efficient due to cavity light in x/y direction is, D
x/y
cv (x,y) =

Dd(x,y)/2+D0(x,y)/3 and in z direction along cavity axis is, D z
cv(x,y) = D0(x,y)/3 . In

the above subsection, we saw how saturation effects from MOT light will change atomic
susceptibility to cavity light. Hence the dipole potential becomes U ′(x,y) = U (x,y)pd(x,y)
and the diffusion co-efficient becomes D ′

cv(x,y) = Dcv(x,y)pd(x,y).
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Monte-Carlo Simulations

For an atom which is moving in fields of MOT light and cavity light, the problem of calculating
the density and the momentum distributions analytically is very challenging. Hence, we
compute the distributions using Monte Carlo simulations for the Brownian motion of the atoms.

The equations of motion for the atoms including the stochastic terms are [139],

dx(t) =
px(t)
ma

dt (6.14a)

dy(t) =
py(t)
ma

dt (6.14b)

dz(t) =
pz(t)
ma

dt (6.14c)

d px(t) =−β
′
3D[x(t),y(t),z(t)]

px(t)
ma

dt −
{

ζ
′
3D[x(t),y(t),z(t)]+4

U ′[x(t),y(t)]
w2

0

}
x(t)dt

+dWx[x(t),y(t)] (6.14d)

d py(t) =−β
′
3D[x(t),y(t),z(t)]

py(t)
ma

dt −
{

ζ
′
3D[x(t),y(t),z(t)]+4

U ′[x(t),y(t)]
w2

0

}
y(t)dt

+dWy[x(t),y(t)] (6.14e)

d pz(t) =−β
′
3D[x(t),y(t),z(t)]

pz(t)
ma

dt −ζ
′
3D[x(t),y(t),z(t)]z(t)dt +dWz[x(t),y(t)].

(6.14f)

Where ma is the mass of the atom, px, py and pz are momentum in x, y and z direction
respectively, dWx[x(t),y(t)] is a Wiener process (Brownian motion) [139] with zero drift and
volatility (standard deviation) given by,

√
2D ′

MOT[x(t),y(t)]/3+2D ′x
cv[x(t),y(t)] in x-direction.

Simulating2 the above equations for cavity light detuning of −10 GHz and +10 GHz, the
density profile of the atoms becomes non-Gaussian as seen in figure 6.14 and figure 6.15 for
red and blue detuning respectively. For density profile in x and y-direction, the dipole force
dominates initially, and hence the atoms are attracted towards the cavity center. After reaching
a maximum at peak intensity 120 W/cm2, the diffusion starts to negate the dipole force and
reduces the peak density when the peak intensity is increased. From figure 6.14(b) it can be
seen that as there is no dipole force in the z direction, the density profile always becomes
broader as the peak intensity in the cavity is increased. However, as the dipole force pushes
the atoms out of the cavity mode for the blue-detuned light the density of atoms in the cavity
always decreases as seen in figure 6.15.

2The Mathematica code for one of the simulation is given at https://goo.gl/mzUzvA. For the case where the
cavity detuning is −10 GHz, the file name is "3D_MOT+cavity_10Ghz_red detuned.nb".

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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In this section we saw that the high intensity far detuned focused light in our experiment
interferes with the operation of a MOT. This leads to change in density profile of atoms which
should be taken into account for calculating atomic losses which depend on the density of the
atoms. However, from figure 6.14 and figure 6.15 we can see that the change in density of
atoms near center is not substantial for explain the dramatic changes seen in our experiment.
Nevertheless, the density profiles will be part of the whole picture which explains the features
observed in the experiment.

Fig. 6.14 Atomic density profile for different peak intensities of red-detuned light in the cavity,
(a) for x-direction and (b) for z-direction. The parameters used are Ir = 2, Γ/(2π) = 6 MHz,
∆m/(2π) = 12 MHz, λ = 780 nm, B0 = 22 G/cm, µ = 0.1µB where µB is Bohr magneton,
∆cv =−10 GHz, and w0 = 78 µm. β3D and ζ3D obtained from the calculations of this section
and section 2.1 are multiplied by 3.4 and 0.64 respectively in order to obtain the experimental
values of σMOT = 0.125 mm and TMOT = 160µK for MOT size and temperature respectively.
The density profile in the y-direction is same as the density profile in x-direction due to
symmetry in the equations.
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Fig. 6.15 Atomic density profile for different peak intensities of blue-detuned light in the cavity,
(a) for x-direction and (b) for z-direction. The parameters used are same as mentioned in
figure 6.14 with an exception of, ∆cv =+10 GHz.

6.4 Probable cause of atom loss in the presence of far de-
tuned light

Although the experiments and analysis presented here offer some insight, they are not enough to
completely explain the intensity dependence we observe for the atom number in the presence of
far detuned light. However, we can provide some tentative explanations and future directions of
investigations. In the presence of such a far (red) detuned light, there can be inelastic collisions
which transfer energy from internal states to the external motion of atoms [140, 141]. The
main processes in such a case are, absorption and emission of photons at different points on
excited state potential energy curve of the molecule formed by the atoms, A +A + h̄ω →
A ∗

2 → A +A + h̄ω ′ [140, 141]. Here A are atoms, and ∗ denotes excited state. ω is the light
frequency in the presence of which collision is happening. ω ′ is the frequency of emitted photon.
The difference in energy of absorbed and emitted photon (h̄[ω −ω ′]) goes into external motion
of atoms. Second is fine structure changing collisions, A +A + h̄ω → A ∗(P3/2)+A →
A ∗(P1/2)+A = A +A + h̄ω ′ [140, 141]. The energy released in such a process is sufficient
to eject the atoms out of the MOT. For 85Rb, cross-section for such processes was measured
using a low intensity (∼ 10 mW/cm2) seed laser [142] till the detuning of 0.5 GHz from the
atomic transition. The intensities and detunings in our case are one order of magnitude more
than then the parameters in [142] hence direct comparison is not possible. The theoretical
analysis of such phenomena is very involved [140, 141] and has not been performed here. If a
loss rate which depends on intensity is found and is denoted by L [I(x,y),∆cv] cm3/s, the total
loss rate will be γ =

∫
L [I(x,y)] n[x,y,z, I(x,y),∆cv]

2 dx dy dz, where n[x,y,z, I(x,y),∆cv] is
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position dependent density shown in figure 6.14. Hence, the total loss rate will depend in a
major way on the overlap integral of cavity intensity profile and density profile of atoms, which
changes when total light intensity inside the cavity is changed as seen in the previous section.

Figures 6.16 and 6.17 help shed some light on the phenomena leading to the intensity
dependence observed in the experiments. For these graphs, the intensity for each case was
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Fig. 6.16 Dependence of MOT fluorescence on the ratio, It/|∆cv| for red-detuned light in cavity
corresponding to figure 6.4
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Fig. 6.17 Dependence of MOT fluorescence on the ratio, It/|∆cv| for blue-detuned light in
cavity corresponding to figure 6.5
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divided by the absolute value of the detuning of the cavity light from the atomic transition.
In this case, the overlap of the feature is good, and hence we can at the least say that the
phenomena leading to the feature we observe is proportional to the inverse of the detuning
from the atomic transition in first order. In other words the various measurements of the MOT
fluorescence at different detunings show a universal scaling behavior with It/∆cv.

The It/∆cv proportionality is shown by AC Stark shift. Hence, the AC Stark shift due to the
high intensity far detuned light might play a role in the phenomenon leading to the feature we
observe. To see whether the detuning by the AC stark shift puts the atomic system in resonance
with other transitions of the Rb atom we explicitly put light in the experiment to ascertain
on the effects of resonant scattering due to other atomic levels. We detune the focused light
described in section 6.2.3 of free space light, near the atomic cooling transition (3-4′ transition
of D2 line [91]). The figure 6.18 shows MOT fluorescence as a function of the frequency of this
focused light from the cooling transition. The observations show a monotonic decrease in MOT
fluorescence as we approach the cooling transition (from -30 to -15 MHz detuning). Beyond
-30 MHz to -80 MHz the MOT intensities show a 20% variation. This is small compared to the
variations seen when we put MOT fluorescence light in terms of the scaled AC Stark shift (The
intensity 400 W/cm2 corresponds to an AC Stark shift of 80 MHz for the cooling transition
under the present experimental conditions). The intensity of the focused light used for obtaining
figure 6.18 was 100 mW/cm2. For comparison, the total intensity in MOT cooling beams is 45
mW/cm2. A similar experiment with detuning of focused light near the repump transition (2-3′

transition of D2 line [91]) of the atoms in MOT was performed to mimic the case of the AC
Stark shifting of the repump transition. No change in the fluorescence of atoms is seen when
the frequency of this is scanned near the repump transition. This experiment confirms that the
volume occupied by the focused beam is too small to have much effect on MOT loading rate,
atom numbers, and MOT fluorescence. These experiments lead to the conclusion that when
the detunings that are generated in our experiment by the AC stark shift are imposed with an
external light field on our MOT (no light field in the far detuned regime), the effect of this field
on the fluorescing atoms of the MOT is insufficient to explain the large variations seen for the
far detuned experiments. This means that the other levels of the Rb atom do not play a decisive
role in the intensity dependent fluorescence signal seen in our experiment.
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Fig. 6.18 Dependence of MOT fluorescence on the frequency of near-resonant focused light.
The x-axis shows the detuning of this focused light from the cooling transition of 85Rb atom
(3-4′ transition of D2 line [91]). The MOT fluorescence for all the data points is normalized
w.r.t. MOT fluorescence without this near focused near-resonant light.

6.5 Towards detecting molecules using cavity

In the previous sections, we discussed experiments for the creation of ultracold molecules using
near detuned light from the dissociation limit coupled to the cavity. As we saw, there are number
of effects that manifest, over and above the creation of molecules. Clearly, while there remain
a number of aspects which require understanding in the formation process, it is clear that cold
molecules and cavity geometries are compatible. In this section, we explore techniques to detect
ultracold molecules using cavity, which is another big challenge to overcome experimentally.
Unlike atoms, detection of molecules using resonant light is not very straightforward. A large
number of vibrational and rotational levels in molecules create a problem for imaging of
the molecules using fluorescence or absorption. When a molecule prepared in particular ro-
vibrational level absorbs a photon and goes to an excited state, there are multiple ro-vibrational
levels to which the molecule can go into after a single spontaneous emission decay. If it goes
to another ro-vibrational level the molecule is lost to further imaging by the light which was
resonant with the initial ro-vibrational state. There are few molecules that can be detected using
florescence imaging [143]. However, these molecules are very few and cooling of them to
ultracold temperatures require elaborate techniques as demonstrated in a recent work [144, 145].
The techniques that are used in most of the experiments are, ionize the molecules and detect
the resulting ion on an ion detector [47–49] or, reconvert the molecules back to atoms and
detect the atoms [50–53]. These techniques result in the destruction of the molecule, and
the molecule is not available for further study. Hence, a detection technique which does not
destroy the molecule and does not bleach the molecule from the transition of choice will
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be very beneficial in performing experiments involving the molecules. Here we explore the
utility of a cavity for cold molecule detection due to enhanced light molecule interaction which
enables detection through dispersive effects rather than absorption effects. We discuss various
advantages and disadvantages of detecting molecules using cavity. A non-destructive technique
will significantly advance the study of ultracold molecules and is an important problem to
solve. Recently, a non-destructive detection technique using Rydberg atoms was proposed
for ultracold polar molecules [146]. Here, we focus on a theoretical exploration of general
detection techniques which use light as the measuring medium. The key reason for this is that
the introduction of other interacting species will interfere with the study of interactions between
molecules and atoms/ions.

6.5.1 Finding a suitable molecular transition for detection

Before discussing the detection techniques, we will first identify molecular transitions which
will enable efficient detection of the molecules. For studies involving molecules, it is desirable
to create all of the molecules in a single ro-vibrational level. Also, the molecule creation
process should be efficient. For Rb2, νe = 59 vibrational level of (2)0−g excited long range state
is convenient for creating the molecules using photoassociation. The are various advantages
of choosing this level. There are no close by vibrational levels of states (2)0+u and (2)1g

which will interfere with creating molecules in this state and the transition is narrow as can
be seen from the PA spectrum of Cline et.al [147]. Also, 97.5 % 3 of molecules created in
this state which decay to molecular ground state will decay to νg = 40 vibrational level of
(1)0−u enabling us to create most of the molecules in a single vibrational state. The transition∣∣νg = 40

〉
↔ |νe = 60⟩ has the highest dipole moment of 5.65× 10−30 C·m and hence is a

suitable transition for detection of the molecules involving single transition. For simplicity,
we will ignore the angular momentum states of the molecules. For detection schemes which
involve two transitions, the transitions

∣∣νg = 40
〉
↔ |νe = 31⟩ and

∣∣νg = 39
〉
↔ |νe = 31⟩ can

be used as both of them have fairly good values of dipole moments, the dipole moments are
1.79×10−30 C·m and 5.49×10−30 C·m respectively.

Most experimental studies of ultracold molecules require that the molecules occupy the
lowest vibrational level. There are numerous experiments which have been successful in
creating molecules in the vibrational ground state [149, 52, 150–155]. Here, we will mention
the relevant parameters for the vibrational ground state of Rb2 molecule. The lowest ground
state of this molecule is νg = 0 vibrational level of (1)0+g electronic ground state. This ground
state has the highest dipole moment of 1.29×10−29 C·m with νe = 11 vibrational level of (2)0+u

3We arrive at this number by performing calculations for transition rates using ab initio calculations of A. R.
Allouche et.al [148]. For further details see the PhD thesis of Jyothi S. [59].
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Fig. 6.19 Representative energy level diagram showing equivalence of the molecular levels and
a 3-level atomic system for the purpose of detection using VRS. The straight red line denotes
coupling of the cavity photon and the wavy lines denote spontaneous emission processes with
the corresponding rates shown. Here, Γ2 = Γ′

1 +Γ′
2 +Γ′

3 +Γ′
4 is the total rate of spontaneous

emission to ground vibrational levels other than |g⟩.

electronically excited state. The transitions
∣∣νg = 0

〉
↔ |νe = 9⟩ and

∣∣νg = 1
〉
↔ |νe = 9⟩ are

suitable for Raman processes involving two transitions, the dipole moments are 1.14×10−29

C·m and 1.00×10−29 C·m respectively.

6.5.2 Detection through VRS

In section 4.2 we saw how when multiple atoms are coupled to the cavity, the single peak of
transmission of a probe light from the cavity splits into two peaks called vacuum Rabi splitting
(VRS). This split is proportional to square root of the atom number and hence measuring the
split tells us how many atoms are present in the cavity. The analysis done in section 4.2 was
for a two-level atom in which the decay due to spontaneous emission does not take the atoms
out of the transition coupled to the cavity. For molecules, this would not be the case due to the
presence of multiple vibrational levels. This leakage can also occur for atoms, but the atoms
can pe put back into the ground state coupling to the cavity using another repump laser [38].
Having such a repump laser is not practical for the molecules due to a large number of ground
states in molecules unlike alkali atoms where there are only two ground states [38]. We can
nevertheless try to see if molecules can be detected using VRS if the effect leading to VRS
is faster than the rate of photon absorption. If this is the case, the molecules can be detected
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without changing the number of molecules coupled to the cavity substantially. In order to see if
this is feasible, we consider a equivalent case of a 3-level atom with two ground states coupled
to a cavity where the cavity is resonant with one of the transitions, and there is no repump light
present as shown in figure 6.19. We studied a similar system in section 4.3.1. The coupled
differential equations is such a case are,

dα(t)
dt

=−
(
κt − i∆pc

)
α(t)− ig0Ncρ(t)−η (6.15a)

dρ(t)
dt

=−
{

Γt

2
− i∆pa

}
ρ(t)+ ig0α(t)(ρe(t)−ρg(t)) (6.15b)

dρe(t)
dt

=−Γtρe(t)+ ig0 {α
∗(t)ρ(t)−α(t)ρ∗(t)} (6.15c)

dρg(t)
dt

= Γ1ρe(t)− ig0 {α
∗(t)ρ(t)−α(t)ρ∗(t)} (6.15d)

dρg′(t)
dt

= Γ2ρe(t). (6.15e)

Here, |e⟩ denotes excited state, |g⟩ is ground state forming a dipole transition with |e⟩ which is
resonant with the cavity, |g′⟩ is the second ground state which is not interacting with any light
and which is dark with respect to the cavity light, Γ1 and Γ2 are decay rate of the excited state to
the ground states |g⟩ and |g′⟩ respectively, and Γt = Γ1+Γ2 is the total decay rate of the excited
state. |g′⟩ represents all the dark ground states of molecules as can be seen from figure 6.19,
the major role of this dark ground state is to bleach the atom/molecule 4 from the transition
interacting with the cavity so whether it is just one dark ground state or many, it is the same
for calculations in this section. Similar to the methods of chapter 4, the above time-dependent
differential equations can be numerically integrated5 to obtain the power of light transmitted
by the atom-cavity system. Here, the detuning of the probe laser is adiabatically increased,
and the corresponding change in cavity output power is monitored. The results are shown in
figure 6.20. The detuning of the probe laser is scanned in steps totaling 200 steps. The 200
steps take 0.1 ms to finish, hence the scan rate is 10 kHz. The maximum output of cavity is 10
pW, this corresponds to 4×107 photons per second. So, the maximum photons available for
detection at each point in the scan for figure 6.20(a) are 10 if the detection efficiency is 50%,
this gives 50 ns as minimum time duration between two photons, this time duration is equal to
the typical dead time of single-photon avalanche photodetectors (APD) [156] making such a

4Here we write atom or molecule because the theoretical modeling involving dark states is valid for both atoms
and molecules.

5The Mathematica code for this is available at https://goo.gl/mzUzvA. The file name is "3_level_VRS_time
dependent.nb".

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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detection feasible. The maximum photon occupancy in the cavity mode for these parameters is
three.

(a) (b)

Fig. 6.20 (a) The output of the cavity-atom system showing VRS for various atom numbers.
(b) Probability for the atom to go into the dark ground state |g′⟩. At the start of the scan, all
atoms/molecules are assumed to be in state |g⟩. The parameters used here are, power of light
input to the cavity Pin = 0.26 nW, Γ1/2π = 301.6 kHz, Γ2/2π = 7.5 MHz, g0/2π = 304 kHz,
κt/2π = 7.81 MHz, loss rate from input mirror of cavity κr1 = 0.1κt, and loss rate from output
mirror of cavity κr2 = 0.8κt. Here, |e⟩ is νe = 60 vibrational level of (2)0−g electronically
excited state, |g⟩ is νg = 40 vibrational level of (1)0−u electronic ground state as explained
in subsection 6.5.1, and |g′⟩ is everything else including the free atom states. The distance
between the two mirrors is 11.8 mm, and the radius of curvature of the mirrors is 10 mm,
this gives a waist size of 30 µm for the cavity mode at the center of the cavity. These cavity
parameters are taken from the experimental work of Albert et.al [89].

From figure 6.20(b) it can be seen that for a larger number of atoms/molecules the leakage
into the dark ground state (|g′⟩) is smaller. This is because the higher atom/molecule number
will ensure increased distance of VRS peaks from the atomic/molecular resonance and hence
the probability of photon absorption by single atoms/molecule reduces. For collective strong
coupling of 2g0

√
Nc/(2π) = 136 MHz, 0.45% atoms/molecules will be lost to the dark ground

state per scan and for 2g0
√

Nc/(2π) = 608 MHz, 2.5×10−3% atoms/molecules will be lost.
These numbers tell us that such a detection scheme is feasible. The most important parameter
here is, the ratio of loss rate from the output mirror of the cavity to total loss rate from the
cavity mirrors, κr2

κt
. In order to keep the absorption and spontaneous emission of a photon by

single atoms/molecules low, we need to keep the photon occupancy of the cavity on the lower
side. This results in lower flux of photons out of the cavity, consequently reducing the detection
efficiency. Hence, to ensure optimal detection, the loss from cavity mirrors other than the loss
due to leakage from output mirror should be minimized. Therefore the strategy is to have
ultra-high reflectivity input mirror and a moderately reflective output mirror such that most of
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the losses from the mirrors are due to transmission rather than absorption and scattering losses.
This means the ratio κr2

κt
should be very high. For example if we keep the output photon flux

and other parameters same, a low ratio of κr2
κt

= 0.01 will result in loss of 40% atoms/molecules
in the case of 2g0

√
Nc/(2π) = 136 MHz and a loss of 0.19% atoms/molecules in the case of

2g0
√

Nc/(2π) = 608 MHz atoms/molecules per scan. In addition, having a larger value of
κt is advantageous in this case because a larger value of κt means the photon comes out of
the cavity faster reducing its probability of getting absorbed and the steady state inside the
cavity is achieved faster, enabling a faster scan. For example, if we keep the above-mentioned
ratio, output photon flux, and other parameters same, κt = 20 MHz will result in a loss of
0.2% in the case of 2g0

√
Nc/(2π) = 136 MHz and a loss of 1.5× 10−3% atoms/molecules

in the case of 2g0
√

Nc/(2π) = 608 MHz per scan and, κt = 0.5 MHz will result in loss of
1.5% atoms/molecules in the case of 2g0

√
Nc/(2π) = 136 MHz and a loss of 8× 10−3%

atoms/molecules in the case of 2g0
√

Nc/(2π) = 608 MHz per scan. However, we cannot keep
on increasing κt because this will result in very broad cavity linewidth which will engulf the
VRS.

6.5.3 Detection through cavity EIT

The phenomenon of electromagnetically induced transparency (EIT) [93] is a good prospect for
detection of molecules using cavity. It is a well-known fact that there is a steep dispersive effect,
and little or no absorption near the EIT peak [93]. This could be exploited for the detection of
molecules. The presence of a cavity will enhance this effect for multiple molecules. To start
with, we will first analyze the case of three-level atoms coupled to the cavity and later extend
the analysis to the molecules. The three levels with two ground states (|g⟩ and |g′⟩) form a
lambda system [93]. For EIT, another light field which couples the earlier dark ground state
(|g′⟩) to excited state is required. We will call this light field control beam. In a frame rotating
at probe frequency, the atomic Hamiltonian for such a case is,

Ĥ = h̄
N

∑
j=1

[
−∆paσ̂

j
ee +(−∆pa +∆ra)σ̂

j
g′g′ +g j(â†

σ̂
j

ge + âσ̂
j

eg)+(Ω∗
σ̂

j
g′e +Ωσ̂

j
eg′)
]
. (6.16)

Here, 2Ω is Rabi frequency for control beam, σ̂
j

mn = (|m⟩⟨n|) j denotes the atomic operators for
jth atom, ∆pa = ωp − (ωe −ωtextg) is the probe laser detuning from the |g⟩ ↔ |e⟩ transition,
and ∆ra = ωr − (ωe −ωg′) is the control laser detuning from the |g′⟩ ↔ |e⟩ transition. See
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section 4.2 for remaining definitions. Using Eqn. 4.1 the equations of motion are,

α̇ =−η −α(κt − i∆pc)− i
N

∑
j=1

g jρ
j

ge (6.17a)

ρ̇
j

ge = (−Γt

2
+ i∆pa)ρ

j
ge − iαg j(ρ

j
gg −ρ

j
ee)− iρ j

gg′Ω (6.17b)

ρ̇
j

gg′ = (−γgg′ + i∆pa − i∆ra)ρ
j

gg′ + iαg jρ
j

eg′ − iρ j
geΩ

∗ (6.17c)

ρ̇
j

g′e = (−Γt

2
+ i∆ra)ρ

j
g′e − iαg jρ

j
g′g −Ω(ρ

j
g′g′ −ρ

j
ee) (6.17d)

ρ̇
j

gg = Γ1ρ
j

ee − iα∗g jρ
j

ge + iαg jρ
j

eg (6.17e)

ρ̇
j

g′g′ = Γ2ρ
j

ee + iρ j
eg′Ω− iρ j

g′eΩ
∗ (6.17f)

ρ̇
j

ee =−Γtρ
j

ee + iα∗g jρ
j

ge − iαg jρ
j

eg −ρ
j

eg′Ω+ iρ j
g′eΩ

∗. (6.17g)

Here, ∆pc = ωp −ωcv is detuning of probe laser from the cavity resonance, γgg′ is the decoher-
ence rate for the coherence between the two ground states {|g⟩ , |g′⟩}. In steady state, α̇ = 0
and ρ̇mn = 0,∀(m,n) and Eqns. 6.17 become a set of linear equations which can be solved
algebraically. Eliminating the atomic variables we get,

−η −α(κt − i∆pc) = i
N

∑
j=1

g jρ
j

ge

= iα
N

∑
j=1

χ j

= iα
2g2

0Nc(∆ra −∆pa)

2|Ω|2 +(2∆pa + iΓt)(∆ra −∆pa)

= iαχ. (6.18)

Where, χ j =
2g2

j(∆ra−∆pa)

2|Ω|2+(2∆pa+iΓt)(∆ra−∆pa)
is linear susceptibility of jth atom and χ is total linear

susceptibility. In deriving the above equation, we have assumed that the intra-cavity light
amplitude is very small compared to other parameters, i.e. g0|α| ≪ Ω,Γt and hence we are in
a linear regime. We also assume there is no decoherence for the coherence between the two
ground states, i.e. γgg′ = 0, this approximation is valid for a dilute gas. The average photon
number inside the cavity can then be written as,

n̄ = |α|2 = η2

(∆pc −χ1)2 +(κt −χ2)2 (6.19)
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where,

χ1 =
4g2

0Nc(∆ra −∆pa)
(
|Ω|2 −∆pa(∆ra −∆pa)

)
Γ2

t (∆ra −∆pa)2 +4
(
|Ω|2 −∆pa(∆ra −∆pa)

)2

and

χ2 =−
2Γtg2

0Nc(∆ra −∆pa)
2

Γ2
t (∆ra −∆pa)2 +4

(
|Ω|2 −∆pa(∆ra −∆pa)

)2

are real and imaginary parts of χ respectively. χ1 results in the dispersive effects and χ2 results
in change of total loss rate for cavity field. For ∆ra = 0 and ∆pa = ∆pc = ∆,

χ1 =−
4g2

0Nc∆
(
|Ω|2 +∆2)

Γ2
t ∆2 +4(|Ω|2 +∆2)

2 and χ2 =−
2Γtg2

0Nc∆2

Γ2
t ∆2 +4(|Ω|2 +∆2)

2 .

In the limit of ∆2 ≪ |Ω|2,4 |Ω|4
Γ2

t
, i.e. small detuning of probe laser near the EIT peak, the

intracavity photon number (n̄) reduces to6,

n̄ = |α|2 = η2

κ2
t

d2

∆2 +d2 . (6.20)

This is a Lorentzian function with full width at half maxima (FWHM), 2d = 2|Ω|2κt√
Γtg2

0κtNc+(g2
0Nc+|Ω|2)

2
.

For |Ω|2 ≫ Γtκt, the FWHM reduces to,

2d =
2κt

(
g2

0Nc
|Ω|2 +1)

. (6.21)

This expression gives us a simple dependence of FWHM on the atom number and greater the
atom number lower the linewidth of the Lorentzian. Importantly, the dependence is linear in
Nc unlike the square root dependence of VRS making this method of atom/molecule number
detection more sensitive. Such a linewidth narrowing was predicted a long time ago by Lukin
et.al [157]. It was observed for thermal atoms coupled to ring cavity [158], laser-cooled
atoms coupled to Fabry-Pérot cavity [159], and for laser-cooled ions coupled to Fabry-Pérot
cavity [160].

Here, the lambda system for the atoms/ions was a closed system, and there was no leakage
to any other dark state. However, this will not be the case for molecules due to the presence
of a large number of ground states. To see if the Eqn. 6.21 holds true for such a leaky system
we perform time-dependent numerical simulations of partial differential equations 6.17 with

6The Mathematica code for the algebraic manipulation leading to this equation is given
at https://goo.gl/mzUzvA. The file name is "3_level_EIT_Steady state_algebra.nb".

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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Fig. 6.21 Representative energy level diagram showing equivalence of the molecular levels and
a 4-level atomic system for the purpose of detection using EIT. The straight red line denotes
coupling of the cavity photon, the straight green line denote coupling of the control laser, and
the wavy lines denote spontaneous emission processes with the corresponding rates shown.
Here, Γ3 = Γ′

1 +Γ′
2 +Γ′

3 is the total rate of spontaneous emission to ground vibrational levels
other than |g⟩ and |g′⟩.

an additional decay Γ3 to the dark ground state |g′′⟩. The total decay rate from excited state
becomes Γt = Γ1 +Γ2 +Γ3 and all other parameters remain the same. An equivalence diagram
between molecular levels and atomic levels is shown in the figure 6.21.

For such a scenario, the EIT peaks obtained by performing a numerical integration7 are
shown in figure 6.22 for different atom numbers. Here, for collective strong coupling of
2g0

√
Nc/(2π) = 13.65 MHz, 2.9% atoms/molecules will to lost to the dark ground state per

scan and for 2g0
√

Nc/(2π) = 136 MHz, 3× 10−3% atoms/molecules will to lost. Here, we
have kept the scan duration to be 1 ms because it takes more time to reach steady state in this
case of detection using EIT. Additionally, at the end of the scan, very few atoms/molecules
go to the state |g′⟩ as can be seen from figure 6.23. If we compare this detection scheme
with the scheme of detection through VRS for the same g0

√
Nc, this detection is a significant

improvement in terms of efficiency. For same collective strong coupling, the loss rate per scan
here is two orders of magnitude better, and hence detection of a smaller number of molecules is
possible. For such an EIT-based detection scheme, having smaller κt is better because the EIT
window is usually small. For example, if we keep the output photon flux and other parameters

7The Mathematica code for this is available at https://goo.gl/mzUzvA. The file name is "4level_time depen-
dent_EITscan.nb".

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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(a) (b)

Fig. 6.22 (a) The output of the cavity-atom system showing the EIT peak for various atom
numbers. Dots show the results of time-dependent numerical simulation of the scan and the
lines are obtained using the simple Eqn. 6.21. (b)The probability for the atom to go into the dark
ground state |g′′⟩. At the start of the scan, all atoms/molecules are assumed to be in state |g⟩.
The parameters used here are, the power of light input to the cavity Pin = 40 pW, Γ1/2π = 30.4
kHz, Γ2/2π = 284.5 kHz, Γ3/2π = 6.14 MHz, g0/2π = 96.5 kHz, κt/2π = 0.5 MHz, Ω = 10
MHz, loss rate from the input mirror of the cavity κr1 = 0.1κt, and loss rate from the output
mirror of the cavity κr2 = 0.8κt. Here, |e⟩ is νe = 31 vibrational level of (2)0−g electronically
excited state, |g⟩ and |g′⟩ are νg = 40 and νg = 39 vibrational levels of (1)0−u electronic ground
state respectively as explained in subsection 6.5.1, and |g′′⟩ is everything else including the free
atom states. Cavity parameters are same as in figure 6.20.
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Fig. 6.23 The probability for the atom/molecule to be in ground state |g′⟩ during the detection
scan. Here, 2g0

√
Nc/(2π) = 13.65 MHz and other parameters are same as in figure 6.22.

same, κt = 2.5 MHz will result in a loss of 46% in the case of 2g0
√

Nc/(2π) = 13.65 MHz
and a loss of 15×10−3% atoms/molecules in the case of 2g0

√
Nc/(2π) = 136 MHz per scan.

Although small κt is desirable in this case, we cannot lower it arbitrarily because the linewidth
of the probe laser will also require lowering. Similar to the case of detection using VRS,
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here too the ratio κr2
κt

should be on the higher side to avoid high intracavity photon number
occupation.

It is a well-established fact that the phenomenon of EIT is accompanied by the phenomenon
of slowing of light [93]. Hence, we expect an increase in trapping times for the photon inside
the cavity as observed in few previous experiments [161, 159]. This phenomenon of slow light
can be used to detect the molecules placed inside the cavity. We explore a simple detection
scheme. The scheme is to keep ∆pa = ∆pc = ∆ra = 0, switch on the probe laser and let the
system reach the steady state 8 such that we get a constant light intensity output of the cavity,
the second step is to suddenly switch off the probe laser and observe the decay of the cavity
output light. The results of numerical simulations9 are shown in figure 6.24.

(a) (b)

Fig. 6.24 The output of the cavity-atom system showing a slowing of cavity light decay for
various atom numbers. (a) κt/(2π) = 0.5 MHz and (b) κt/(2π) = 0.05 MHz. All other
parameters are same as figure 6.22. Dots show the results of time-dependent numerical
simulation of the decay and the lines are obtained using an exponential form, I0e−2d×t where
2d is taken from Eqn. 6.21 and t is the time variable.

Generally, a Lorentzian in frequency space is exhibits an exponential decay in the time
domain, we expect the decay curves to be exponential with the decay rates, 2d of Eqn. 6.21.
This is indeed what we see from the full numerical simulations as seen in figure 6.24. For
this detection scheme, smaller value of κt is very advantageous because lower the value of κt

higher the decay time and higher the observation time as seen in figure 6.24(b) for κt = 0.05
MHz. As seen from figure 6.24(a) for κt = 0.5 MHz, the observation time is very short. Hence,
very few photons will be collected during a single decay due to a finite dead time of an APD.
However, multiple such detection cycles can be performed, results of which can be added up.

8Time required to reach steady state is 1 ms for the atom number 5×105. It will be lower for smaller atom
number

9The Mathematica code for this is available at https://goo.gl/mzUzvA. The file name is "4level_time depen-
dent_EIT_slowlight.nb".

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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For example, observation of one decay event in case of κt = 0.5 MHz gives a maximum of 1
photon detection per 50 ns, so for 10 detection cycles, we get a maximum of 10 detections per
observation point if the total points are 20 for 1 µs decay. Similarly, in the case of κt = 0.05
MHz, we get a maximum of 10 detections per observation point if the total points are 20 for
10 µs decay 10 if a maximum of 1 photon is detected per 50 ns. Hence comparing the two
cases with respect to total measurement time and total photon flux, 10 decay events in case of
κt = 0.5 MHz and 1 decay event in case of κt = 0.05 MHz gives same detection efficiency.

For this detection scheme, the condition ∆pa = ∆ra is always satisfied. Hence, we expect
complete transparency and very little absorption of photons. For 10 detection cycles in case
of κt = 0.5 MHz, 1.6× 10−2% atoms/molecules are lost for 2g0

√
Nc/(2π) = 13.65 MHz

and 5 × 10−4% atoms/molecules are lost for 2g0
√

Nc/(2π) = 136 MHz. In contrast, for
single detection cycles in case of κt = 0.05 MHz, 1.6×10−3% atoms/molecules are lost for
2g0

√
Nc/(2π) = 13.65 MHz and 7×10−5% atoms/molecules are lost for 2g0

√
Nc/(2π) = 136

MHz. From above numbers, we can say that the detection involving lower κt is more efficient.
However, less than one atom/molecule is lost during each detection cycle in each case so
detection scheme with κt = 0.5 MHz is already very efficient and it is not required to make the
detection scheme more efficient. Less loss for this detection scheme implies more flexibility
for the ratio κr2

κt
. For example, if we fix the output photon flux, κt = 0.5 MHz, and other

parameters, a low ratio of κr2
κt

= 0.01 will result in loss of 0.16% atoms/molecules in the
case of 2g0

√
Nc/(2π) = 13.6 MHz and a loss of 5×10−3% atoms/molecules in the case of

2g0
√

Nc/(2π) = 136 MHz atoms/molecules for the 10 decay events.
In terms of detection efficiency, the detection of molecules through delay in decay times

mentioned above is best of all the detection schemes which we explored. However, the condition
∆pa = ∆ra = 0 should always be satisfied, and any fluctuations around this condition will hinder
the detection as the EIT effect is very sensitive near this condition as can be seen from narrow
linewidths of figure 6.22. In the presence of such fluctuation higher value of κt will be more
advantageous due to large linewidths in this case. The condition ∆pa = ∆ra will be mostly
satisfied if both the probe and the control beams are derived from the same laser. This is feasible
for the molecular levels analyzed in this section as the frequency difference between the two
ground states |g⟩ and |g′⟩ is only 338.74 MHz. Large wavelength difference between the two
ground states will require more elaborate techniques [162] for locking of probe and control
frequency. This will be the case when the molecules are in the lowest vibrational level. For
example, the frequency difference between the lowest two vibrational levels of the state (1)0+g
of Rb2 molecule is 1.724 THz. This is a disadvantage for molecules in their vibrational ground
state. There are also advantages for such molecules. One advantage is, the dipole moments

10This will require 500 ns integration window when counting photons.
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are better by one order of magnitude as discussed in subsection 6.5.1, this means g0 is one
order of magnitude better and hence will enable detection of two orders of magnitude fewer
atoms as can be inferred from the term g2

0Nc in Eqn. 6.21. Hence, for the cavity parameters of
figures 6.22 and 6.24 a minimum of 50 molecules can be detected whereas a minimum of 5000
molecules could be detected in νg = 40 level.

6.6 Conclusion

In this chapter, we explored techniques for molecule creation and detection using a cavity.
Creation of diatomic molecules from ultracold atoms using light coupled to a cavity was
experimentally demonstrated. During these experiments, we also observed some unexpected
features for atom loss as a function of the intensity of cavity light. These features resulted from
phenomena which compete with the process of creation of molecules. Even if the exact reason
for the intensity dependence is not known, it is evident from all the analysis that for creating
molecules by the process of PA, it is better to be very far detuned (> 50 GHz) from the atomic
transition in order to avoid the strong competing processes. If for some reason the molecule
creation process has to happen for the detunings 1-50 GHz, the intensity should be selected
so as to maximize the process of PA. For this intensity selection, experiments similar to ones
discussed in subsection 6.2.2 should be performed.

In section 6.5 we explored techniques with the help of numerical simulations and theoretical
analysis for detecting molecules using a cavity. We found out that the detection of molecules
using the EIT feature is not just feasible but also very efficient. The next step to advance these
detection techniques will be to test them first on ultracold atoms as this is technically easier.
Once this is demonstrated, the detection scheme can be extended to molecules.





Chapter 7

Summary and future prospects

7.1 Summary of results

The initial work reported in the thesis related to the development of a MOT for potassium
atoms which was combined with an existing MOT of rubidium atoms. This was done with a
motivation of studying interactions between atoms, ions, and molecules of different species.
The first use of these ultracold potassium atoms was to efficiently create potassium ions which
could be trapped in an ion trap. The cooling of these potassium ions by ultracold and localized
rubidium atoms was then demonstrated in an experiment. This is the first demonstration of the
cooling of ions by gas of atoms which are heavier than the ions. Such cooling is not possible
by a uniform gas of atoms heavier than the ions, it requires a gas localized at the center of the
ion trap for cooling the ions. Monte-Carlo simulations to explain the mechanisms behind this
cooling process were performed, and methods to increase the efficiency of such cooling process
was explored using these simulations. Also, the dependence of steady-state temperature on
various parameters was investigated using these Monte-Carlo simulations.

Next, we explored several atom-cavity configurations with the intention of exploiting some
of these to detect interactions between atoms, ions, and molecules. First, we performed a
theoretical study of the nonlinear phenomenon of optical bistability for a system of multi-level
atoms coupled to a Fabry-Pérot cavity. The analysis for exploitation of this phenomenon to
study switching of light using light was performed for both ultracold atoms and thermal atoms.
Using this analysis, we were able to explain the results of a vapor cell optical bistability and
switching experiment.

We then performed experiments to study the effects of atom driving on the atom-cavity
system. The atoms were driven by a classical laser light interacting with the atoms. We
observed emission of light from the cavity for such a system. For red detuning of the cavity
with respect to atomic transition, we observed features of lasing for the light emitted by the
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cavity. For light which probes the cavity when driven atoms are present inside the cavity, we
observe gain and line narrowing. This observation provides irrefutable evidence for lasing in
this system. The seed photon for starting this lasing action is provided by the fluorescence of
the atoms.

One of the motivations of working with a cavity in this thesis was to develop techniques
to create and detect ultracold molecules using a cavity. For this purpose, we coupled high
intensity light to a cavity which we used to demonstrate the creation of diatomic molecules from
ultracold atoms through the process of photoassociation (PA). In addition to loss due to molecule
production, we also observed atomic losses for far detuned light from the atomic transition
which showed some surprising behavior. This surprising behavior was a non-monotonic change
in atom loss as the intensity of the far detuned light is increased. We performed several
experiments to explore the phenomena leading to these losses and performed analyses of
probable phenomena which can lead to these losses. We also performed experiments for
optimizing the process of molecule creation in the presence of these losses and observed that it
is possible to create molecules efficiently if we choose the right intensity and a detuning further
away from the atomic resonance frequency of the PA light which makes the molecules.

Detection of molecules without destroying or bleaching them from a particular state is a
long standing problem. We hope to resolve this problem by developing techniques to detect
molecules using a cavity. For this purpose, we explored methods to detect diatomic molecules
using cavity without destroying or bleaching them. The effects of three detection techniques
on the state of the molecules were analyzed. The three detection techniques were, detection
using VRS signal in collective-strong coupling regime, detection using linewidth narrowing
in the case of cavity EIT phenomenon, and detection through the effect of slowing of light in
case of cavity EIT phenomenon. From these analyses, it was found that the detection technique
which uses slowing of light in EIT phenomenon is the most efficient detection method. The
calculations also showed that this method is feasible for detecting ultracold Rb2 molecules.

7.2 Future prospects

The work discussed in this thesis opens up many prospects for the future. We discuss few of
them in this section.

7.2.1 Prospects for studying of Molecule-Molecule interactions

One of the goals of the techniques developed in this thesis was to study molecule-molecule
interactions at ultracold temperatures where the quantum statistics of atoms which make up
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the molecules will play a significant role. The idea is to study the behavior of composite
particles where the quantum statistics of the components play a role. For example, the diatomic
molecules 39K2 and 40K2 are very good candidates to study composite bosons as they are
bosonic molecule made up of two bosonic atoms and two fermionic atoms respectively. Elastic
scattering cross sections of both the molecules can be extracted from loss rates of a molecule
trap. The difference in cross sections will mainly be due to the bosonic or fermionic composition
of the molecules as the potentials due to electronic interaction will be same. Below we discuss
briefly molecule-molecule interaction and suggest a way forward to study such interactions
both theoretically and experimentally. The discussion is in the spirit of posing hard questions
for the future, where several critical concepts are not yet well formulated.

Theoretical considerations

Theoretically, it needs to be figured out under what conditions the molecule-molecule interaction
for the diatomic molecules is two-body interaction and under what conditions it is a four-body
interaction. We discuss various possibilities below. An effective two-body scattering interaction
can occur if the potential between the molecules is very repulsive and the molecules are at
ultracold temperatures, and hence the molecules do not come close enough. For such a case the
internal structure of the molecules should not play a role, and the interaction would be similar
to the interaction of two structureless particles. For this case, the quantum statistics of the
constituent atoms will not play a role, and only quantum statistics of the molecule as a whole
will matter. Similar to the atomic case the s-wave collisions for fermionic molecules will be
absent [163, 164]. An extension of this scenario will be molecular structure as a perturbation to
the two-body interaction. This perturbation will result due to the dependence of intermolecular
potential on the orientation of the molecules when they approach each other. The effect of
this perturbation will be to change the scattering cross-section with respect to the earlier case
of two-body collision of structureless particles. There is no qualitative difference between
the above two cases. The cases mentioned above require knowledge of interaction potential
between the molecules which can be found by doing ab-initio calculations of electronic energies
as a function of the distance between the atomic nuclei [165].

An interesting case to study will be for molecules which can come close to each other such
that particle exchange between the molecules is a possibility. For such a four-body interaction
the quantum statistics of the constituent atoms will play a significant role in the interaction.
The following questions can be asked in the study of molecule-molecule interactions. How
does the system transitions from a two-body case to a four body case? How do the internal
state and the bond length of the molecules affect the four-body interactions?



144 Summary and future prospects

Practical considerations

Here we discuss the experimental aspects of a possible molecule-molecule interaction study.
For alkali atoms the number of electrons is odd. Hence the electronic wavefunction should be
anti-symmetric. Now, depending on the spin of nucleus the wavefunction of nuclear motion is
symmetric or anti-symmetric. For example, 39K has spin 3/2 which gives an anti-symmetric
nuclear wavefunction and hence the overall wavefunction is symmetric and the atom is bosonic,
for 40K the spin is 4 making the nuclear wavefunction symmetric and the atom fermionic. The
spin wavefunction of all four nuclei in the two diatomic molecules should be either symmetrized
or anti-symmetrized. Using the method of Young Tableau [163] we can find the number of
possible symmetric and anti-symmetric wavefunctions for a given spin and particle number.
For the four particles in the two diatomic molecules having spin 3/2, there are 29 symmetric
and 1 anti-symmetric states. For spin 4 there are 429 symmetric and 126 anti-symmetric states.
This tells us that the spin wavefunction will be symmetric in majority of the cases, and hence
the symmetry has to be followed by the nuclear motional wavefunction, anti-symmetric for 39K
and symmetric for 40K. For spin lower than 3/2 all spin wavefunctions are symmetric. From
the above discussion we can see that the experiments will require separating various spin states
and picking only one type.

Earlier, we mentioned that the molecules 39K2 and 40K2 could be used to study molecule-
molecule interaction where quantum statistics of atoms which make up the molecules might
play a crucial role. K is an alkali atom, so for tightly bound K2 the s orbital is filled and hence
the potential for two molecules in the ground state should be repulsive corresponding to the
case of two-body interaction discussed earlier. Hence, we expect a very small difference in
rates. The difference can increase for long bond molecules, but the inelastic collision cross
sections for vibrational quenching are very high and will lead to rapid loss of molecules from
the trap overpowering elastic collisions [131, 46, 166]. These quenching cross sections might
also depend on the symmetry of atoms [20, 167] and hence require experimental investigation.
To avoid these quenching effects, we need molecules in the ro-vibrational ground state. These
molecules can be created from ultracold atoms by photoassociation or magnetoassociation
and then can be transferred to the ro-vibrational ground state using STIRAP (stimulated
Raman adiabatic process) [149, 52, 150–155]. Molecules with unfilled orbitals and hence
better electron affinities are good candidates to study this problem as the potential should be
attractive and hence the probability of atom exchange process might increase considerably [168].
Ytterbium is also a good candidate for this purpose as it has a long lived excited state [169]. The
excited state potential between the molecules will mostly be attractive allowing the molecules
to come closer.
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To perform the studies mentioned above, the current experimental apparatus will require
many modifications and additions. The study of molecule-molecule interaction will require
trapping of molecules for a long time. The trapping can be achieved using a far-off resonant
dipole trapping laser [170]. To obtain long trapping times and high density of atoms for
efficient creation of molecules from the atoms the pressure in the experimental chamber has
to be very low. The low pressure in case of potassium atoms can be achieved by having two
vacuum chambers with two MOT’s where a 3D MOT in one chamber is loaded from a 2D
MOT in another chamber [171]. Additionally, the molecules created from ultracold atoms
are not created in ro-vibrational ground state. However, the molecules can be transferred to
the ro-vibrational ground state using the adiabatic Raman process of STIRAP [151]. For the
STIRAP process to be efficient, the linewidth of the lasers performing the process should be
of the order of few kHz. This linewidth can be achieved by locking the laser to an ultrastable
cavity [162]. The development of such a locking scheme will be required in the future.

7.2.2 Other prospects

As mentioned in the summary of results section we were able to demonstrate cooling of ions
by a localized ensemble of atoms whose mass is more than the mass of the ions. In spite of
this cooling, we were not able to keep the ions trapped in the ion trap for a long duration of
time because of heating from uniform density background gas of thermal atoms. So, in order to
fully utilize the potential of cooling, in this case, it is essential to build an experiment where the
pressure due to background gas is very low. Also, from simulations, we found out that the size
of ultracold atomic cloud limits both the cooling rate and steady state temperature. Hence, such
an experiment can be performed with a colder ensemble of dipole trapped atoms to increase the
efficiency of cooling. Hence, the building of an experiment with better vacuum and smaller
size of atomic cloud can be carried out in the future to have ions at a steady state temperature.

In chapter 5, we saw that the light used for cooling and trapping of atoms also induces
lasing if the atoms are placed inside a Fabry-Pérot cavity. One of the evidence for lasing was
provided by gain and line narrowing for a laser probing the system of a cavity and driven
atoms. We used a semiclassical theory of light-matter interaction to explain this observation.
In the present work, we have not performed the analysis using full quantum theory for such a
system. In future, such an analysis can be performed which will not only explain the threshold
effect of lasing but also give details about the photon statistics of light emitted by the cavity.
Also, in future, experiments can be performed to observe the photon statistics, phase diffusion,
squeezing, and many more phenomena some of which are predicted by the single mode theories
of Zakrzewski et.al [126–128] and Agarwal [129, 130]. A multimode quantum theory will be
required to fully understand the properties of such a laser which can be attempted in future.
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We started the study of the atom-cavity system with the goal of understanding the system
and using this understanding to devise methods to detect interactions between different species
and detection of molecules using the cavity. We made some progress for detection of molecules
using cavity when we performed a theoretical analysis for three techniques in chapter 6 and
found out that detection through the slowing of light in cavity EIT process is the most efficient
technique. In order to further advance these techniques, they can be first tested with ultracold
atoms as they are already present in our experimental apparatus. For this purpose, we need a
frequency stabilized cavity. The locking of the cavity is an ongoing project. After this is done,
the detection techniques can be tested using ultracold 85Rb atoms. The detection of molecules
using these methods will require lots of additional development to the apparatus. The cavity
mirrors might require changing, and greater efficiency of creation and trapping of ultracold
molecules will be needed.
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Appendix A

A.1 Mollow Spectrum

In this section, we summarize the calculation for computing the florescence spectrum of atoms
driven hard by classical laser light. For a two-level atom driven by a classical laser light with
Rabi frequency 2Ω, the time-dependent equations in rotating frame for atomic variables similar
to ones mentioned in chapter 4 and 5 are,

dρ(t)
dt

=−
{

Γ

2
− i∆da

}
ρ(t)+ iΩ⟨σz(t)⟩

dρ∗(t)
dt

=−
{

Γ

2
+ i∆da

}
ρ
∗(t)− iΩ⟨σz(t)⟩

d ⟨σz(t)⟩
dt

=−Γ [σz(t)+1]+2i
{

Ω
∗
ρ j(t)−Ωρ

∗
j (t)
}

(A.1)

Here, ⟨σz(t)⟩ is the population difference in excited state and ground state of the atom. It
can be proved using optical Wiener–Khinchin theorem that the incoherent part of the fluo-
rescence spectrum is proportional to the Fourier transform of fluctuations in atomic dipole
moment [124, 55]. This fluctuation can be denoted by, δC(τ) = ⟨δσ+(t)δσ−(t + τ)⟩t→∞

=

⟨σ+(t)σ−(t + τ)⟩t→∞
− |⟨σ−⟩ |2t→∞. Where, δσ = δσ − ⟨σ⟩t→∞

denotes deviation from
steady-state mean value ⟨σ⟩t→∞

. When we subtract the steady state components from Eqns. A.1
we get optical block equations for these deviations. The equations for deviations can be written
in matrix form as follows,

d
dt

 δρ(t)
δρ∗(t)
⟨δσz(t)⟩

= 2

−Γ+2i∆da 0 2iΩ
0 −Γ−2i∆da −2iΩ

2iΩ −2iΩ −2Γ


 δρ(t)

δρ∗(t)
⟨δσz(t)⟩

= P

 δρ(t)
δρ∗(t)
⟨δσz(t)⟩

 (A.2)

Now, using the quantum regression theorem the two-point correlation function for fluctua-
tions can be written as [55], δC(τ) = TrA [δσ−δΛ(τ)]. Here, TrA is trace operation over the
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atomic Hilbert space and ∂δΛ(τ)
∂τ

= PδΛ(τ) with the initial condition [55]:

δΛ(0) = ρ(t → ∞)δσ
+ =


1
2

[
⟨σz⟩+1−2|ρ|2

]
−(ρ∗)2

−ρ∗(1+ ⟨σz⟩)


t→∞

. (A.3)

The solution for δΛ(τ) is now very easy and is given by, δΛ(τ) = ePτδΛ(0). The correlation
function δC(τ) is then simply the first element of the vector δΛ(τ). The incoherent part of the
spectrum can then be found by taking Fourier transform of correlation function in lab frame of
reference,

S(ωs)inc =
1

2π

∫
∞

−∞

eiωsτeiωaτ
δC(τ) dτ. (A.4)
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Fig. A.1 (a) Numerically computed incoherent part of the Mollow spectrum on a log scale. (b)
Mollow spectrum on a log scale including the coherent part of scattering. The parameters used
are, Ω/(2π) = 6 MHz, ∆pa/(2π) =−13 MHz, Nc = 22×103, Γ/(2π) = 6.06 and MOT laser
linewidth 1 MHz. Most of the light emitted is at MOT laser/drive frequency. The y-axis shows
the rate of photon emission into the cavity at that particular wavelength. This rate is upper
bound on the actual rate because in the calculation of the rate we assume that all the atoms are
at the center of the cavity and hence all the light emitted by the atoms which fall on the cavity
mirrors come back to the center and form the cavity mode. Also, the emission from atoms is
assumed to be isotropic. Hence the rate is ζ× total rate of photon emission, where ζ = 0.009
depends on the solid angle subtended by the mirrors at the center of the cavity. The red sideband
and blue sideband have center frequencies −30.6 MHz ≈ (∆pa −

√
4Ω2 +∆2

pa)/(2π) MHz

and 4.6 MHz ≈ (∆pa +
√

4Ω2 +∆2
pa)/(2π) respectively

We compute δΛ(τ) numerically1 and the resulting spectrum is shown in figure A.1a. This
is just the incoherent scattering part, to get a full spectrum we need to add the coherent part

1The Mathematica code for this is available at https://goo.gl/mzUzvA. The file name is "mollow_spectrum.nb".

https://drive.google.com/open?id=0B8nSYUC305CARVlPLTdhUkRrem8
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also [124, 55], S(ωs) = S(ωs)inc + S(ωs)coh. The coherent part comes from light scattered
exactly at the drive laser frequency. Assuming that the drive laser light is Lorentzian with a
linewidth of 1 MHz the complete spectrum is shown in figure A.1b. The ratio between total
incoherent and total coherent part of scattered light is 8Ω2

Γ2+4∆2
da

[55], this ratio is used in the
plotting of Fig. A.1.
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Fig. A.2 Mollow spectrum for different powers of the drive beam.
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A.2 Multiphoton processes

(a)

(b)

(c)
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Fig. A.3 Multi-photon processes taken from Grynberg et.al [114] relevant for lasing described
in chapter 5. (a) Resonant absorption of the probe photon. (b) Non-resonant absorption of the
probe photon. (c) Resonant amplification of the probe photon. Here the brown dashed lines
with an arrow represent spontaneous emission of the photons and solid blue lines represent
a photon of the probe laser. The levels 1(N) and 2(N) are combined dressed states of the
2-level atom and strong drive field dressing the atoms [55]. The solid lines are for levels which
participate in the process shown and dashed lines are for levels which do not participate in the
process.



Appendix B

Frequently used mathematical symbols in
the thesis

Γ spontaneous emission rate from the excited state
F force
k wave-number
λ wavelength of light
Isat saturation intensity of the atomic transition
∆ detuning of light from the atomic transition
h̄ Plank’s constant
β damping term for atoms in MOT
ζ MOT trap stiffness
β3D 3D damping term for atoms in MOT
ζ3D 3D MOT trap stiffness
w0 1/e2 radius of cavity light intensity Gaussian
ωcv/(2π) resonance frequency of the cavity
κt/(2π) total loss rate of the cavity
κr/(2π) transmission rate of the cavity mirrors
F Finesse of the cavity
mr ratio of atom mass to ion mass
g0 maximum atom-cavity coupling strength
Ĥ Hamiltonian of the system
â annihilation operator for a photon
â† creation operator for a photon
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ωp/(2π) frequency of light probing the cavity
ωa/(2π) frequency of the atomic transition
σ̂ atomic operators
ρg ground state element of atomic density matrix (population in ground state)
ρe excited state element of atomic density matrix (population in excited state)
ρ coherence term of atomic density matrix (dipole element)
ρnn element of atomic density matrix for state n (population in n state)
ρnm coherence term between the states n and m
γ decoherence rate
∆pc detuning of probe light from the cavity resonance
∆pa detuning of probe light from the atomic transition
α cavity light field strength
η rate at which classical light is injected into the cavity
χ atomic susceptibility
2Ω Rabi frequency of classical light interacting with the atomic transition
N total number of atoms
Pj suffix to denote any parameter P for jth atom
Nc effective number of atoms coupled to the cavity
gt total atom-cavity coupling strength
ν vibrational level of the molecules
n̄ average photon number
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